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Abstract 
 

Lithium alloys with metallic or semi-metallic elements are attractive candidate materials for the next-generation high-capacity re-

chargeable Li-ion battery anodes, due to their large specific and volumetric capacities. The key challenge in the application of these mate-

rials has been the very large volume changes, and the associated stress buildup and failure during insertion and extraction of lithium. 

While such stress buildup bears resemblance to the process of thermo-stress development, a phenomenon relatively well-understood, the 

physics involved in these alloy-based electrodes is much more complex in nature, more challenging to address, and richer in the variety 

of influencing factors. The reasons not only lie in the fact that the mechanical deformations are much larger, but also arise from the fact 

that the processes entail interactions among mass diffusion, chemical reactions, non-linear plastic flow and material property evolutions. 

In this paper, we present a review of some of the fundamental issues and the latest research related to the mechanical reliability of such 

alloy-based anode materials, with a focus on Li/Si, a material with the highest known theoretical energy storage capacity. The review 

primarily concerns continuum-level analyses, with relevant experimental data and atomistic-level results as input.    
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1. Introduction 

Energy capacity per unit mass or unit volume is a key figure 

of merit for battery materials. In the quest for much-needed 

high energy density and high performance rechargeable batter-

ies for vehicles and portable electronics devices, Li alloys 

have attracted tremendous interest since it offers greater spe-

cific and volumetric capacities than graphite (the negative 

electrode material for most existing Li-ion batteries) and other 

candidate materials. One of the main challenges with alloy-

based Li-ion battery electrodes, however, has been large vol-

ume changes during lithiation and delithiation. For example, 

when lithiated at room temperature, silicon-based anodes can 

expand by up to 311% in volume as Li content is changed 

from 0 to 4.4 per Si [1]. Graphite anodes in commercial batter-

ies, in contrast, exhibit only ~10% volumetric changes [2]. If 

the alloy-based active material particles are mechanically con-

strained by a current collector such as the conductive substrate 

attached to the electrode or the binder which comprises part of 

the electrode composite, high stresses develop during 

charge/discharge cycling. Even when mechanical constraints 

are absent, the inhomogeneity of lithium concentration due to 

finite lithium diffusivity can still lead to stresses. Such stresses 

can degrade the electrode material in a few cycles [3], an ef-

fect that has hindered the practical application of electrodes 

based on Li-alloys for almost a decade.  

Recent efforts to improve the cyclability of Li-alloy based 

electrodes are highlighted by the utilization of nano-structured 

materials [4-7], including Si nanowires (NWs) [8], crystalline-

amorphous Si core-shell nanostructures [9], sealed Si nano-

tubes [10] and nano-structured carbon/silicon composites [11]. 

Thanks to their ability to reduce diffusion-induced stresses 

(DIS) and to better accommodate inhomogeneous volume 

changes, these novel materials can withstand hundreds or 

thousands of charge/discharge cycles and have enabled the 

envelop of battery life and allowable charging rates to be 

pushed out every few months.  

The mechanical behavior and failure mechanism of nano-

sized electrode materials can be distinctly different from those 

of electrode material with characteristic sizes in the micron or 

millimeter ranges. For example, bulk and thin film Si elec-

trodes mainly fail through cracking [1, 12]; Si NW electrodes, 

on the other hand, may degrade through internal void forma-
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tion [13] and/or surface roughening [7]. Sethuraman et al. [14] 

measured the evolution of stresses in silicon thin films during 

electrochemical cycling and showed that the flow stress of 

lithiated Si decreases as Li concentration increases. The find-

ing suggests that parameters which depend on stress singulari-

ties such as the mode I fracture toughness KIC are not very 

relevant for nanostructured Li/Si electrodes. Instead, plastic 

(or viscoplastic) flow is an important process that cannot be 

neglected. 

Improving the reliability and performance of nano-sized Li-

alloy electrode materials requires a fundamental understanding 

of the complex chemical-mechanical-electrical characteristics 

of the underlying physical processes and the interplay of many 

different factors. The multiscale and multiphysics nature of the 

phenomena involved makes this both a challenging and inter-

esting endeavor which has attracted the attention of many re-

searchers (e.g. Refs. [15-21]). Issues of active studies include 

concentration-change-induced softening of the alloy materials, 

inelastic flow, electro-chemical-mechanical coupling, finite 

deformation and mass transport. This richness of physics pre-

sents an opportunity for researchers of solid mechanics to ex-

plore novel phenomena which are both theoretically interesting 

and practically important. The aim of this paper is to present a 

review of both the underlying issues and the latest research on 

the mechanical issues related to alloy-based anode materials, 

especially those based on the Li/Si alloy. The review is mainly 

focused on the continuum level, with relevant experimental 

data and atomistic-level results as input. 

 

2. Diffusion-induced stress (DIS) 

When lithium is inserted or extracted from an electrode, the 

volume of the electrode changes. For the Li/Si alloy, such 

changes can be as large as ~300% [12, 22-24]. Even for LiC6 

electrodes, the lithiation-induced volume changes is non-

negligible, although the magnitude of the change is much 

smaller than that for Li/Si [25]. Such volume changes would 

almost inevitably lead to stresses. Depending on the design, 

stresses in an electrode may arise via two mechanisms if the 

starting material is fully amorphized Si. The first is due to Li 

concentration inhomogeneity arising from the fact that the 

diffusivity of Li is finite; the second is due to constraining by 

external agencies such as a substrate or current collector in 

contact with the electrode. In section 2.1, we will discuss the 

first mechanism, namely the development of stress due to Li 

concentration inhomogeneity. Recent studies concerning the 

development of stress through the second mechanism will be 

reviewed in section 2.2. It should be noted that during the first 

lithiation half-cycle of crystalline silicon (c-Si), amorphization 

of the material occurs, leading to an amorphous material struc-

ture for subsequent cycles [26-28]. Such a phase transition 

may also induce high levels of stress [29-32]. Many interest-

ing phenomena, including the anisotropic interface mobility 

and swelling [32-34] and the self-limiting lithiation [35, 36], 

have been observed during the first half-cycle of c-Si. How-

ever, practically feasible Li/Si electrodes would be unlikely to 

be made from c-Si due to the undesirable effects of the crys-

talline-amorphous transition [29]. These effects can be 

avoided by starting with a-Si and/or by allowing electrodes to 

undergo initial “priming” to bring them to amorphous states. 

Therefore, discussions in this review mainly focus on situa-

tions in which the starting material is fully amorphous. Under 

this condition, no phase transition and phase boundary be-

tween crystalline Si (c-Si) and amorphous Si (a-Si) phases 

needs to be considered. 

The lithiation and delithiation of alloy-based electrodes are 

electrochemical processes. Still, the electric conductivities of 

most alloy-based electrodes are high enough so that the elec-

tric potential inside the solid domain of the electrode particles 

can be regarded as uniform. Therefore, most particle-level 

continuum models of electrode materials entail only the cou-

pling between Li diffusion and mechanical deformation, but 

not electric fields [15, 17, 37, 38], although exceptions exist 

[15]. Consideration of electric fields is needed only when the 

model also considers processes in the electrolyte and the inter-

action between the electrode and electrolyte. These interac-

tions and the associated microstructural level models are to be 

reviewed in section 6. 

 

2.1 Diffusion-induced stresses in free-standing particles 

The analyses of free-standing particles allow stress devel-

opment due to concentration inhomogeneity and diffusion to 

be quantified. When an electrode made of free-standing parti-

cles is subject to charge or discharge, Li concentration in each 

particle is inhomogeneous because of the finite diffusivity of 

Li. Consequently stresses build up. The buildup of stresses 

due to composition inhomogeneity during diffusive transport 

in solid materials is a ubiquitous process seen in many disci-

plines of science and engineering. Such stresses, called “diffu-

sion-induced stresses” (DIS), has been observed in many areas 

including oxidation of metals, hydrogen transport in solid-

state hydrogen-storage media, dopant diffusion in semicon-

ductor processing, and lithium ion transport in battery elec-

trodes. One of the earliest analyses of DIS was conducted by 

Prussin who drew analogy between thermal stress and DIS 

[39]. Since then, numerous studies have been devoted to ana-

lyzing the DIS problems in various geometric configurations 

[40-43]. Later, Yang extended the Prussin model by consider-

ing the coupled interaction between stress and diffusion [44].  

Due to its close relationship with cyclic degradation, DIS in 

free-standing particle electrodes has been subject to extensive 

studies. By drawing an analogy to the thermal stress problem, 

Cheng and collaborators analyzed the effect of DIS in battery 

electrode particles with spherical [45, 46] and cylindrical [47] 

shapes. They discussed the implications of different charging 

regimens such as potentialstatic and galvanostatic operations 

on stress levels [45]. They also identified a dimensionless 

number that is analogous to the Biot number in heat transfer 

problems in order to quantify the relative significance of sur-
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face kinetics, governed by linearized Butler-Volmer’s law [cf. 

Eq. (17)], and the bulk diffusion kinetics, governed by the 

Fick’s law [48]. The effect of surface tension on internal stress 

in spherical particles has been investigated, and it is suggested 

that the surface effect can significantly reduce the tensile 

stress in the material when the particle radius is shrank into the 

nano regime [19].  

Christensen and Newman [25] developed a mathematical 

model that allows calculation of the volume changes and the 

profiles of concentration and stress during lithium insertion 

and extraction from a spherical particle. In developing the 

model [25], they not only considered non-ideal interactions 

between lithium and host material, but also incorporated the 

effect of pressure-driven diffusion, making the model one of 

the earliest that consider two-way deformation-diffusion cou-

pling in battery electrodes. The implication of such two-way 

coupling between deformation and diffusion will be discussed 

in section 4. In terms of DIS, it is found that the maximum 

stress in a spherical carbonaceous particle is controlled by a 

dimensionless current 
 

2

0 max

,3 LiS S

CR x
I

D
= ±  (1) 

 

where C is the so-called C-rate, namely the inverse of the time 

required for full lithiation or delithiation, 
0R  is the initial 

particle radius, and ,LiS SD  is the diffusivity of the Li-host 

compound (LiS) relative to the host material (referred to as the 

binary diffusion coefficient by Christensen and Newman). A 

positive I indicates lithiation while a negative I stands for de-

lithiation. Fig. 1 shows the maximum compressive and tensile 

stresses, normalized by the Young’s modulus, encountered 

during galvanostatic lithium insertion into a spherical carbo-

naceous particle. The maximum tensile stress [a and c], which 

occurs at the center of the particle, and the maximum com-

pressive stress [b and d], which occurs at the surface, are plot-

ted against the dimensionless current given by Eq. (1). In 

order to study the effect of non-ideality of the binary LiC solu-

tion, a thermodynamic factor 
LiCα  is introduced [25]. When 

1LiCα =  the model reduces to the ideal solution case. For the 

more realistic, non-ideal solution cases, 
LiCα  can be derived 

from experimentally-measured open-circuit potential (OCP) 

curves. As seen in Fig. 1, the stress maxima for ideal solution 

cases (c and d) scale almost linearly with the dimensionless 

current I . For the non-ideal solution cases (a and b), the 

relationship between the stresses and the dimensionless cur-

rent deviates from linearity, but the general trend that stresses 

increase with I  remains. The results in Fig. 1, together with 

Eq. (1), therefore indicate that stresses, hence the fracture 

tendency, are higher when the C-rate is higher and when the 

particle radius 
0R  is larger. It can also be concluded that a 

higher diffusivity ,LiS SD  helps reduce stress and hence de-

crease the likelihood of fracture. A similar scaling law be-

tween stress and dimensionless current I has also been found 

for the LiMn2O4 cathode material [49, 50]. 

The scaling law embodied in Eq. (1) and Fig. 1 has turned 

out to be the primary impetus for the recent research of nano-

sized electrode materials [5-7, 10, 11, 21, 51]. Although the 

definition of the dimensionless current in Eq. (1) is for 

spherical-shaped particles, the conclusion that stresses scale 

with the square of size ( 2

0
R ) can be quite universal, as long as 

0
R  is construed as the characteristic length of the material. 

For cylindrical-shaped particles, for example, 
0

R  can be 

identified to be the radius of the cylinder, and the stresses 

again scale with 2

0
R  during lithiation and delithiation.  

If carbon is replaced by alloy-based materials, such a scal-

ing law gains even more importance since failure due to DIS 

is a much more pronounced issue [8]. By reducing the particle 

size to the nano-scale, one significantly reduces the stresses 

and hence fracture tendency. One of the earliest attempts in 

using silicon nanowires (NWs) as an anode material is made 

by Chan et al. [8], who achieved the theoretical charge capac-

ity for silicon anodes and maintained a discharge capacity 

close to 75% of the theoretical maximum, with little fading 

during cycling. Besides the reduction of stresses, another 

benefit of using NWs, according to Chan et al. [8], is the 

maintenance of good electronic contact with the substrate as 

illustrated in Fig. 2. 

 

2.2 Diffusion-induced stresses in thin-film electrodes  

The stress build-up mechanism due to composition inho-

mogeneity reviewed in section 2.1 is relevant for electrode 

materials made of free-standing particles. If the electrode ma-

terial is constrained by external agencies such as a substrate or 

current collector, stresses can arise even when the Li concen-

tration is homogeneous. This is the case for thin-film elec-

trodes, in which the active electrode material (e.g., Si or Sn) is 

deposited on a current collector, usually made of Cu or Ti, via 

thin-film deposition techniques such as electron beam evapo-

ration or sputtering [14, 52, 53]. The constraints due to the 

 
 

Fig. 1. The maximum tensile: (a) and compressive; (b) stresses calcu-

lated using a realistic thermodynamic factor for LiC6, and the maxi-

mum tensile; (c) and compressive; (d) stresses calculated using an ideal 

thermodynamic factor of unity, as functions of dimensionless current.

The arrow marks the dimensionless current corresponding to a 5-µm 

particle radius and 5C charge rate. Reproduced from Ref. [25] with 

permission.  
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bonding between the film and the current collector typically 

lead to high stresses and fracture patterns as shown in Fig. 3 

[54]. Similar crack patterns are also seen in other Li-alloy-

based electrode material systems, such as Ge [55], Sn [56], 

and Si-Sn [12]. To analyze such fracture patterns, Li et al. [54] 

modified the two-dimensional spring-block model originally 

proposed by Leung and Neda [57] for the problem of corn 

starch drying, and successfully explained the experimental 

observation that cracks are straight with larger islands in 

thicker films, but show more wiggles with smaller islands in 

thinner films [cf. the SEM images in Fig. 3]. The analysis by 

Li et al. [54] also shows a critical film thickness below which 

no crack would form in Li/Si thin-film electrodes. Indeed, for 

Li/Si films with thicknesses below 100 nm, experiments [54] 

show that interconnected cracks do not form up to 10 cycles of 

lithiation/delithiation. The estimation of such a critical thick-

ness 
ch  is based on the Griffith’s fracture criterion, accord-

ing to which 
ch  is given by [54, 58] 

 

( )2 2
4 2

1

c
c

G E
h

σ ν
≈

−
 (2) 

 

where E  and ν  are Young’s modulus and Poisson’s ration, 

respectively; σ  is the stress in the thin film; and 
2 /

c Ic
G K E=  is the plane-stress fracture toughness of the ac-

tive electrode material in terms of critical energy release rate. 

Taking 1IcK =  MPa m
1/2
 (which leads to 210 J/m

c
G ∼ , a 

fairly high estimation) and 2σ =  GPa, Li et al. [54] esti-

mated that 
ch  for Li/Si is on the order of several hundred 

nanometers, most likely between 100 nm and 200 nm.  

The expression in Eq. (2) clearly captures the fact that re-

ducing the film thickness suppresses fracture. It turns out that 

reducing the in-plane dimensions of the islands of active mate-

rials also mitigates fracture in Li/Si thin-film electrodes [53]. 

As mentioned before, the stresses in thin-film electrodes arise 

mainly due to the constraints at the film-substrate interface. 

Weaker constraints, for example in the form of interfacial 

sliding, may therefore be beneficial because it helps reduce the 

stress level. Xiao et al. [53] leveraged this idea by introducing 

a patterning approach to improve the cycling stability of sili-

con electrodes (Fig. 4(a)). They found an improvement in 

cycle life when the pattern size is below the critical (7-10 µm) 

level. To explain the mechanism responsible for their observa-

tion, Xiao et al. [53] considered a Si thin film which already 

contains an array of cracks with spacing L and raised the ques-

tion whether there exists a minimum crack spacing which is 

small enough so that no additional crack can be inserted be-

tween the existing cracks. They assumed that the additional 

crack would form via plastic strain localization between two 

neighboring cracks in Si. Considering the free body diagram 

shown in Fig. 4(c), they found that the critical spacing below 

which no new crack can be inserted is 

 

int

2 Si

Y
cr

cr

L h
σ

τ
=  (3) 

 

where h  is the film thickness, Si

Y
σ  is the yield stress of Si, 

 
 

Fig. 2. Schematic illustration of morphological changes that occur in Si 

during electrochemical cycling: (a) The volume of silicon anodes 

changes by about 300% during cycling. As a result, Si films and parti-

cles tend to pulverize during cycling. Much of the material loses con-

tact with the current collector, resulting in poor transport of electrons, 

as indicated by the arrow; (b) NWs grown directly on the current col-

lector do not pulverize or break into smaller particles after cycling. 

Rather, facile strain relaxation in the NWs allows them to increase in 

diameter and length without breaking. This NW anode design has each 

NW connecting with the current collector, allowing for efficient 1D 

electron transport down the length of every NW. Reproduced from 

Ref. [8] with permission. 

 

 
 

Fig. 3. Crack patterns in thin-film Li/Si electrodes that form due to 

electrochemical cycling: (a) An SEM image of a 500 nm a-Si film 

before electrochemical tests and (b-d) crack patterns on a-Si thin films 

of different thicknesses; (b) 1000 nm thick, after 5 cycles; (c) 500 nm 

thick, after 5 cycles; (d) 200 nm thick, after 10 cycles. Reproduced 

from Ref. [54] with permission. 
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and int

cr
τ  is the interfacial shear strength between lithiated Si 

and Cu substrate. It is estimated from Eq. (3) that the critical 

spacing is 5.1 8.9µmcrL −∼ , in agreement with experiments. 

The assumptions behind this model, especially the assumption 

that a film with smaller pattern spacing has lower stresses 

( Si

Y
σ σ< ) due to interfacial sliding and therefore deforms elas-

tically, were later confirmed to be valid by in situ measure-

ments of stress [59, 60].  

Note that Eq. (3) concerns the plastic deformation and 

hence failure of the Si film itself, but not the delamination at 

the Si/Cu interface which is also observed in experiments. To 

address the latter issue, a more sophisticated model was de-

veloped by Haftbaradaran et al. [61]. This model is an exten-

sion of the physical picture depicted in Fig. 4 and leads to yet 

another length scale that controls the peal-off of the cracked Si 

film from the Cu substrate.  

3. Plastic deformation and lithiation-induced soften-

ing of Li/Si 

Although pure silicon in its crystalline or amorphous state is 

brittle [62], lithiated Si, which is generally amorphous, can 

undergo significant inelastic deformation. Such a brittle-to-

ductile transition of Li/Si is an important embodiment of an 

effect called “lithiation-induced softening”. There are two as-

pects of lithiation-induced softening of Li/Si: reduction in yield 

stress and reduction in elastic modulus as the Li content in-

creases. This section reviews the experimental data available, 

the underlying mechanisms as revealed by atomistic calcula-

tions, and the continuum models used to deal with the large 

inelastic deformations when electrode materials become ductile. 

 

3.1 Experimental observations and atomistic mechanisms 

Sethuraman et al. employed an experimental technique with 

a multi-beam optical sensor (MOS) to measure the in-situ 

stress evolution in a thin-film Si electrode [63]. The technique 

entails the measurement of the curvature change of the film-

substrate system during electrochemical cycling and the calcu-

lation of the stresses in the thin film from the curvature via the 

Stoney equation [60, 64]. Fig. 5 shows the cell potential and 

 

(a) 

 

 

(b) 

 

 

(c) 
 

Fig. 4. The design and fracture process of patterned Li/Si thin-film 

electrodes: (a) SEM image of Si pattern on Cu substrate with pattern 

width around 40 µm. The experiments conducted by Xiao et al. [53] 

were carried out for pattern widths from 7 µm to 40 µm; (b) The con-

figuration of a Si film with a periodic array of cracks of spacing L on 

Cu substrate; (c) The minimum crack spacing that could no longer 

allow an extra crack to be formed in between the existing cracks. Be-

low this minimum crack spacing, the stress in the lithiated Si film 

could not reach its plastic yield stress and therefore no strain localiza-

tion in the film can take place to form an additional crack. Reproduced 

from Ref. [53] with permission. 

 

 

(a) 
 

 

(b) 
 

Fig. 5. (a) Cell potential vs capacity curve corresponding to lithiation 

and delithiation of a-Si thin-film electrode cycled at C/4 rate between 

1.2 and 0.01 V vs. Li/Li+; (b) the corresponding stress calculated from 

the substrate curvature using the Stoney equation. The curves labeled 

X and Y correspond to the stresses calculated from the averaged hori-

zontal and vertical displacements of the spots, respectively. The arrows 

in both figures indicate cycling direction. Reproduced from Ref. [14]

with permission. 
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the film stress so obtained as functions of the capacity of the 

silicon thin-film electrode [14]. This capacity level (the hori-

zontal axis) is linearly related to the Li content ξ in the chemi-

cal composition LiξSi. During the lithiation process, an initial 

linear increase in the bi-axial compressive stress is attributed 

to elastic deformation. At compressive stress of about 1.7 GPa 

(which corresponds to a capacity of ca. 325 mAhg
-1
), the film 

appears to reach the elastic limit and begins deform inelasti-

cally with further lithiation. This response is needed in order 

to accommodate the additional volume expansion. The flow 

stress is seen to decrease with further lithiation, reaching a 

value of about 1 GPa at a capacity of ca. 1875 mAhg
-1
, at the 

cut-off potential. Upon delithiation, the unloading is initially 

elastic; the stress reverses elastically until it reaches ca. 1 GPa 

in tension, where the film begins to flow in tension in order to 

accommodate the reduction in volume. The flow stress in-

creases to about 1.75 GPa when the upper limit of 1.2 V is 

reached. What Sethuraman et al. [14] observed clearly indi-

cates that lithiated Si undergoes inelastic deformation, and the 

associated yield stress 
Yσ  decreases as the Li content ξ in 

LiξSi increases. Such a decrease in Yσ  is an important mani-

festation of what is called lithiation-induced softening.  

In terms of the atomistic mechanisms that underlie the ob-

served behavior, Zhao et al. [65] proposed that the brittle-to-

ductile transition with increasing Li concentration and associ-

ated large plastic deformation is due to continuous lithium-

assisted breaking and re-forming of Si-Si bonds and the crea-

tion of nanopores. 

Besides the decrease in 
Yσ , the effect on mechanical prop-

erties of Li/Si of lithiation also entails the decrease in elastic 

moduli [63, 66, 67]. One of the earliest studies on the elastic 

softening of Li-Si due to lithiation was by Shenoy et al. [67], 

who carried out density functional theory (DFT) calculations 

of the elastic moduli of a-Si and c-Si in different lithiation 

states. As shown in Fig. 6, they found that the elastic proper-

ties of a-Si and c-Si depend strongly on the lithiation state, i.e. 

the ξ value in the chemical formula LiξSi. This dependence 

approximately follows the rule of mixing that connects the 

elastic properties of LiξSi at the two end compositions, i.e. 

ξ = 0 and ξ = ξmax. In terms of atomistic mechanism, they at-

tributed the elastic softening to the increase in the population 

of ionic Li–Si bonds that are weaker than the covalent Si–Si 

bonds [67]. 

Hertzberg et al. [66] arrived at a conclusion consistent with 

those drawn by Sethuraman et al. [14] and Shenoy et al. [67] 

for the Young’s modulus and hardness through ex-situ depth-

sensing indentation experiments. The measurements by 

Hertzberg et al. [66] indicate that the Young's modulus de-

creases from an initial value of 92 GPa for pure Si to 12 GPa 

at full lithium insertion (Li5Si4), and the corresponding hard-

ness change is from an initial value of 5 GPa for Si to 1.5 GPa 

for Li15Si4. The measured modulus-concentration dependence 

by Hertzberg et al. deviates slightly from the simple rule of 

mixing suggested by the DFT calculations of Shenoy et al. 

[67]. Such a deviation could have important implications, but 

is nevertheless considered to be as higher-order effect in most 

continuum models that consider the lithiation-induced soften-

ing (e.g. Refs. [15, 37, 68]). These studies adopt the rule of 

mixing for simplicity.  

In continuum theories, the lithiation-induced changes in 

mechanical properties are usually modeled by assuming that 

the elastic moduli and yield stress are functions of the local 

lithium concentration [15, 37, 69], an assumption that is suffi-

cient for capturing most experimental observations with re-

gard to the effects of lithiation-induced softening. More so-

phisticated theories have also been proposed. For example, it 

is suggested by Brassart and Suo that the link between me-

chanical response and electrochemical charging conditions 

can also be established by reckoning the non-equilibrium driv-

ing force LiςΩ  which is essentially the difference in chemical 

potentials between the electrode material and the surrounding 

environment [70, 71]. Here, LiΩ  is the partial atomic volume 

of Li and ς  is the osmosis pressure. The key assumption 

behind this type of treatment is that the concurrent deforma-

tion and reaction processes is a non-equilibrium process which 

is governed by how far the state deviates from thermodynamic 

equilibrium. Many interesting predictions have been made out 

from this type treatment, including the prediction that the host 

under a constant deviatoric stress will flow gradually in re-

sponse to ramping in the chemical potential, and will ratchet 

in response to cycling in the chemical potential [70]. 

 

3.2 Kinematics of large inelastic deformation 

The fact that Li/Si undergoes elastic-plastic or elastic-

 

               (a)                          (b) 

 

 

               (c)                          (d) 
 

Fig. 6. (a) Bulk modulus B; (b) shear modulus G; (c) Young’s modulus 

E, and (d) Poisson’s ratio ν of Li–Si alloys plotted as functions of Li 

fraction in crystalline (solid symbols) and amorphous (open symbols) 

phases for the alloy LiξSi. The Li fraction in the alloy is given by 

ξ/(1+ ξ). Solid and broken lines show linear fits for the crystalline and

the amorphous systems, respectively. Reproduced from Ref. [67] with 

permission. 
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viscoplastic deformations indicates that the continuum consti-

tutive laws governing the mechanical response must be cast in 

an incremental or time-rate form. Such continuum-level de-

scriptions usually entail the decomposition of the total defor-

mation into three parts: a plastic part which corresponds to the 

irrecoverable volume-conserving shape change, an expansion 

part which corresponds to the volume change due to lithia-

tion/delithiation, and an elastic part which is usually small and 

recoverable. Mathematically, the decomposition can be car-

ried out by decomposing the total strain [19, 50, 72], the total 

stretch [38], or the total deformation gradient [15, 17, 20, 37, 

73]. The third approach, decomposition of the total deforma-

tion gradient F , admits the convenient treatment of finite 

deformations and rotations – processes that are indeed ob-

served in Li/Si and other alloy-based electrode materials. This 

decomposition is therefore most often used. In this approach, 

which is originally proposed by Lee [74], F  is multiplica-

tively decomposed as 

 
e SF p= ⋅ ⋅F F F F  (4) 

 

where eF , SFF  and pF  are the elastic, stress-free volumet-

ric and plastic deformation gradients, respectively. Here, the 

plastic part pF  is volume-conserving [i.e., ( )det 1p =F ], 

and the volumetric part SFF  is termed “stress-free” because it 

corresponds to the shape changes of the material due to com-

position change without stress. One assumption that is typi-

cally made for amorphous silicon (a-Si) is that SFF  is iso-

tropic, although the theoretical framework depicted by Eq. (4) 

by itself does not require such isotropy and can also be used 

for situations where SFF  is anisotropic. 

The decomposition in Eq. (4) implies linking the reference 

(or Lagrangian) state and the current (or Eulerian) state via 

two imaginary and incompatible states, as shown in Fig. 7. 

When a piece of electrode material is lithiated from the top 

layer, the top part expands in the actual charged state, leading 

to deformation gradient F  and associated stresses. This total 

deformation gradient is decomposed such that the material 

first deforms plastically to reach incompatible state I, and then 

undergoes expansion SFF  to reach incompatible state II. 

Here incompatible states I and II are stress-free but discon-

tinuous. To maintain continuity, an elastic accommodation 
eF  is needed. This elastic deformation pieces the incompati-

ble state II together back to the actual charged and stressed 

state.  

Given the Lee decomposition delineated in Eq. (4) and Fig. 

7, the mechanical properties of an electrode material can be 

prescribed by laying out the constitutive equations that govern 
eF , SFF  and pF  one by one. Usually, SFF  is assumed to 

be isotropic for amorphous alloy electrode materials, such as 

a-Si. Further, it is assumed to depend only on the composition 

(ξ value in chemical formula LiξSi). A linear relationship be-

tween ( ) ( )detSF SFJ ξ = F  and ξ is used by most continuum 

models [15, 37]. The isotropic Hook’s law is typically used 

for eF , which nevertheless should be cast into an objective 

rate form in order to allow for large deformations [15, 20]. For 
pF , most researchers use J2-type associated flow rules which 

can be either plastic [38, 75, 76] or viscoplastic [15, 37]. Dif-

ferent types of governing equations for the elastic, stress-free 

volumetric and plastic deformation components are summa-

rized in Table 1. 

The decomposition of the total deformation and the associ-

ated constitutive laws for each decomposed part described in 

Table 1 govern what is called the “chemical-to-mechanical 

coupling”, i.e., how chemical diffusion gives rise to mechani-

cal deformation and stresses. Indeed, most models reviewed in 

section II are more or less based on this approach, despite 

many of them [19, 45-48, 50, 77-80] are based on decomposi-

tion of strains instead of the deformation gradient and hence 

are small-deformation theories. This chemical-to-mechanical 

coupling, however, is but one aspect of the chemo-mechanical 

two-way coupling. While diffusion induces stresses, stresses 

can also affect diffusion. The physical picture, mathematical 

model and practical implications of such two-way coupling 

will be discussed in the next section. 

 

4. Chemical-mechanical two-way coupling 

The chemo-mechanical two-way coupling involves two as-

pects, chemical-to-mechanical (CM) coupling and mechani-

cal-to-chemical (MC) coupling. The theoretical framework for 

CM coupling is based on the decomposition of deformation 

described in section 3.2. This section mainly concerns the 

mechanical-to-chemical coupling, i.e., the effect of stresses on 

diffusion. There are mainly two approaches for MC coupling 

in alloy-based electrode materials. The first is via a depend-

ence of chemical potential on stress, and the second is via a 

dependence of the activation energy barrier on stress.  

 

4.1 Stress-induced chemical potential shift 

The physical picture of mechanical-to-chemical coupling 

Initial state:

• Stress-free

• Continuous

Actual charged state:

• Charged  

•Stressed

• Continuous

Li

Incompatible 

stress-free state II: 

• Charged

• Stress-free

•Volume expanded

• Discontinuous

Incompatible 

stress-free state I: 

• Not charged

• Stress-free

•Volume conserved

• Discontinuous

 
 

Fig. 7. Illustration of the Lee-type decomposition. The total deforma-

tion gradient F  is decomposed into three parts linked by two incom-

patible stress-free states. 
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via stress-induced chemical potential shift is rather simple. 

Consider a piece of LiξSi alloy in which ξ is spatially homo-

geneous. If one side of the alloy is compressed and the other 

side is stretched, the resultant stress gradient would induce a 

driving force that squeezes lithium from the compressive side 

to the tensile side, as shown in Fig. 8.  

One of the earliest models that considers such an effect was 

developed by Christensen and Newman [25] who identified 

three different types of stress: total stress, elastic stress, and 

the thermodynamic pressure. The mechanical-to-chemical 

coupling takes effect via the thermodynamic pressure. The 

Newman model, in essence, is a model that invokes a decom-

position that is similar to that in Fig. 7, although the decompo-

sition is not for deformation but for stress. It can be proved 

that the two approaches, or the decompositions of deformation 

(i.e., strains or deformation gradient) and stress, are equivalent, 

at least when the material deforms elastically [25]. However, 

when plastic deformation needs to be considered, the Newman 

approach is inconvenient and later models [15, 37] mostly 

have adopted the decomposition in Fig. 7. The result is a me-

chanical driving force to diffusion that manifests itself as a 

stress-induced chemical potential change. 

The key here is that the MC coupling takes place via the 

chemical potential Liµ , such that [17, 81] 
 

( ) ( )

,

det
e

Li e Li SF

mLiC F

F
θ

φ
µ σ

∂
= − Ω

∂
 (5) 

 

where / 3m kkσ σ≡  is the hydrostatic stress, LiC  is the La-

grangian density of lithium, ( ) /Li SF SF LiJ CΩ ≡ ∂ ∂  is the 

stress-free partial atomic volume of lithium, ( )det
SF SF

J = F  

is the ratio of volume change (or the Jacobian of the deforma-

tion gradient) due to composition change, θ  is temperature, 

and ( , , )
e Li
Cφ φ θ= F  is the Lagrangian density of the Helm-

holtz free energy. For most relevant cases, the elastic strain 

associated with eF  is small. Under such conditions, the ex-

pression for the chemical potential (Eq. (5)) can be simplified 

into  
 

( ) ( ) ( )
det

Li Li e Li SF Li Li SF

SF m SF mFµ µ σ µ σ= − Ω ≈ − Ω  (6) 

 

with 
 

( )/
Li SF Li Li Li

SF SFC Cµ φ µ= ∂ ∂ =  (7) 

 

being the chemical potential of lithium at zero stress. Gener-

ally speaking, ( )Li Li

SF Cµ  can be determined by fitting the 

activity coefficient to experimentally measured open circuit 

potential (OCP) data [25, 68, 82]. It can also be mathemati-

cally given if one makes simplifying assumptions such as the 

Table 1. Governing equations for the elastic, stress-free expansion, and plastic components of total deformation. 
 

Component Governing equation Relevant variables  Ref. 

Elastic ( e
F ) 

Total form: 

( )'3 2e e e e

ij iK m KL KL jLF K G Fσ ε δ ε= +  

 

Rate form: 

1 1

9 6 2

e tr
K G G

     = −       
D I

�

� σ
σ +  

ijσ  : Cauchy stress 
'e

KL
ε , e

m
ε  : Deviatoric and hydrostatic parts of 

elastic strain 

K, G : Concentration-dependent bulk and shear 

moduli 
e

D  : Elastic rate of deformation 
�

σ  : Objective rate of σ  

[15, 17, 47] 

Stress-free  

expansion ( SF
F ) 

1SFJ ηξ= +  

( )detSF SFJ ≡ F  : Volume ratio associated 

with SF
F  

ξ  : ξ  in LiξSi 

η  : Volume expansion rate 

[15, 19, 37, 38, 

68] 

Plastic 

, when 0,

0, when 0.

P

P

Q
Q

Q

λ
∂ = ≥ ∂ = < 

D

D

ɺ

σ , with 

 

Type I (ref. [69, 75]):  

( )21 1
:

2 3

dev dev

YQ = − σσ σ , with 

( ).Y Y ξ=σ σ  

 

Type II (ref. [70, 71]): 

( )221 1
: 0.

2 3

dev dev

YQ qς= + − =σσ σ  

Q : Flow potential. 
P

D  : Plastic deformation rate. 
devσ  : Deviatoric component of σ . 

misesσ  : Von Mises invariant of Cauchy stress. 

Yσ  : Yield threshold. 

ς  : Osmotic pressure 

q : Constant controlling reactive flow. 

[69-71, 75] 

Plastic ( p
F ) 

Visco-

plastic 

P

dev

Q∂
=

∂
D

σ
, with 

1

0 1 1
1

m

Y mises mises

Y Y

d
Q H

m

σ σ σ

σ σ

+      = − −     +    

ɺ

 

H : Heaviside step function. 

0
dɺ  : Reciprocal of viscosity. 

m : Stress exponent. 

[15, 37] 
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ideal solution assumption [19, 38, 77, 83, 84], regular solution 

assumption [85-87], or lattice-gas assumption [88-90], de-

pending on the need and level of sophistication of the model. 

The second term in Eq. (6) is a stress-induced shift of the 

chemical potential. When Liµ  is substituted into the Fick’s 

law [73] in the form of 
 

Li Li
Li Li

K Ki Ji

B J

D
J f f C

k X

µ

θ

∂
= −

∂
 (8) 

 

the effect of Li migration driven by stress gradients (cf. Fig. 8) 

is captured. Note that the stress-induced chemical potential 

shift is positive in compressive regions and negative in tensile 

regions, and the associated diffusive flux is towards the nega-

tive of the chemical potential gradient. In Eq. (8), Li

K
J  is the 

chemical flux measured in the reference configuration, 
-1f = F  is the inverse of the deformation gradient, LiD  is the 

diffusivity of Li., 
Bk  is the Boltzmann constant, and / JX∂ ∂  

stands for spatial gradient in the reference configuration.  

Questions arise when it comes to the relative importance of 

the stress-free part Li

SF
µ  and the stress-induced shift 

( )Li SF

m
σ−Ω  in terms of their contributions to the Li flux. It will 

be shown in section 4.3 that, to incorporate ( )Li SF

m
σ−Ω  into 

the diffusion model, the stress gradient 
mσ∇X
 is needed, and 

considerable effort [17, 91] is required to numerically capture 

mσ∇X
 in a finite element (FE) framework. If the contribution 

to flux due to ( )Li SF

m
σ−Ω  is much smaller than that due to 

Li

SF
µ , it might be economical and prudent to neglect the stress-

induced chemical potential shift and, hence, the mechanical-to-

chemical coupling at together. However, Gao and Zhou [68] 

showed that the contribution of mechanical-to-chemical cou-

pling (MC) to diffusion driving forces is very significant com-

pared with the contribution of purely chemical driving forces 

and, therefore, cannot be neglected. To show this they consid-

ered a silicon NW lithiated under galvanostatic conditions. The 

lithiation speed is slow enough such that stresses in the NW are 

below the yield threshold and elastic response is maintained. 

Under this elastic condition, the effect of MC coupling can be 

lumped into an effective diffusivity Li

effD  [21, 50, 68, 73], such 

that Eq. (8) can be simplified into 

 

( )( )
( ) ( )

,

2

, where

2
.

1 9 1 det

Li
Li Li eff

K Ki Ji

J

Li SF
Li Li Li

Li Li

eff SF
B

C
J D f f

X

ED C
D D

kξ θ ν

 ∂ = − ∂ Ω Φ = + + − F

 (9) 

Here, LiΦ  is the stress-free thermodynamic factor for dif-

fusion [25], which is usually greater than 1 and can be esti-

mated from open-circuit potential data. ξ  is the Li content in 

the chemical formula LiξSi, and ν  is the Poisson’s ratio. 

Using Eq. (9), Gao and Zhou [68] obtained analytical solu-

tions for concentration and stresses, and found significant 

contributions to the driving force for diffusion due to me-

chanical-to-chemical coupling. Such contributions lead to an 

increase of 303% in the effective diffusivity of lithium com-

pared with situations without the MC coupling effect. The 

effect is therefore termed the stress-enhanced diffusion (SED). 

This SED effect makes the long-term profiles of the dimen-

sionless concentration ξ more uniform [cf. Fig. 9(c)]. Similar 

effects of the SED are also found in cathode materials such as 

LiMn2O4 and the anode lattice of LiC6 [25, 50, 92], as seen in 

Figs. 9(a) and 9(b). However, the SED in Li/Si is much 

stronger than those in LiMn2O4 and LiC6, in the sense that the 

change in concentration profiles due to SED (i.e. the differ-

ence between the solid and dashed lines) is much larger for 

Li/Si than those seen for the other two materials.  

The fact that the mechanical-to-chemical coupling, or the 

effect of SED, is much more pronounced in Li/Si than that in 

other intercalation materials is attributed to two reasons [68]. 

First, the partial atomic volume ( )Li SFΩ  in Li/Si is much lar-

ger than those in LiMn2O4 and LiC6 -- according to Eq. (9) the 

MC contribution to the effective diffusivity (second term) is 

proportional to the square of ( )Li SFΩ . Second, Li/Si can be 

charged to a much higher Li concentration limit than cathode 

lattices or carbon -- and the MC contribution to Li

effD  is pro-

portional to the concentration. Therefore, the mechanical-to-

chemical coupling in Li/Si has significant implications and 

cannot be neglected.  

 

4.2 Activation barrier shift 

Besides shifting the chemical potential, mechanical stress 

may also affect diffusion by shifting the activation barrier [18, 

93], such that the diffusivity is modulated by stress according 

to 

 
( )

0 exp

Li SF

Li Li b

B

D D
k

α σ

θ

 Ω  =   
 (10) 

 

where α  is a positive dimensionless constant, ( )Li SFΩ  is the 

partial atomic volume of Li, 
0

LiD  is the diffusivity under zero 

stress, and 
bσ  is the biaxial stress perpendicular to the di-

Li

Si

Li migration 

driven by stresses

Compressive Tensile   
 

Fig. 8. Illustration of lithium migration driven by mechanical stress. Such an effect can be described by considering a stress-induced chemical poten-

tial shift. 
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rection of diffusion. Using Eq. (10) and the elasticity assump-

tion, Hartbaradaran et al. [18] found a class of nonconven-

tional solutions indicative of a surface locking instability. 

Simply speaking, as Li is inserted from the outer surface of an 

electrode, the magnitude of the biaxial stresses (compressive 

hence negative) near the surface increases and the diffusivity 

decreases accordingly (cf. Eq. (10)). If either the characteristic 

dimension of the electrode is sufficiently large or the charging 

rate is sufficiently high (or both), lithium atoms near the sur-

face would not be able to move into the interior of the elec-

trode because LiD  near the surface becomes too low. This 

effect would eventually result in a divergence in the concen-

tration profile near the surface [18]. One experimental obser-

vation that is closely related to this physical picture is the self-

limiting lithiation in crystalline nanowires [35]. There, signifi-

cant retardation of lithiation diffusion into the core of the 

nanowires has been attributed to the stress-induced modula-

tion of diffusivity in Eq. (10). Still, it is useful to bear in mind 

that in most situations the stresses are limited by the material’s 

yield threshold and are reasonably low, such that the effect of 

Eq. (10) may be negligible. Therefore, most discussions in this 

review paper pertain to mechanical-to-chemical coupling only 

in the form of chemical potential shift as described in section 

4.1. The effect of the coupling via activation barrier shift as 

given in Eq. (10) is not implied, unless explicitly specified 

otherwise. 

 

4.3 Finite element implementation 

One of the major numerical challenges in simulating the 

chemo-mechanical coupling as depicted in section 4.1 is asso-

ciated with the gradient of the hydrostatic stress (i.e., 

/m JXσ∂ ∂ ) when a finite element (FE) method is used. Since 

/ /e

m J m J
X Xσ ε∂ ∂ ∝ ∂ ∂ , either the strain gradient or the stress 

gradient itself has to be calculated numerically. Tang et al. 

[86] used a finite difference method to analyze the diffusion-

stress coupling in olivine electrodes and successfully repro-

duced the phase transformation characteristics observed in 

experiments. The benefit of using a finite difference scheme is 

that one can automatically capture the 2
nd
-order deformation 

gradient by using appropriate discretized gradient operators. 

The finite element method, however, is more valuable if geo-

metric shapes other than rectangles are involved.  

However, when a linear interpolation function is used with 

a finite element, the information of strain gradient is lost since 

the diagonal terms of the interpolator’s spatial Hessian are 

always zero. One remedy is to use elements with high-order 

polynomials as the interpolation functions. Another strategy is 

to compute the 2
nd
 order deformation gradient by fitting to 

nodal displacements across several adjacent elements, instead 

of relying only on the nodal values of one specific element 

under consideration [94]. These methods fall into the category 

of irreducible finite element methods. 

Bower and Guduru [91] and Gao et al. [68] independently 

proposed methods that leverage the concept of mixed finite 

elements [95] to simulate the diffusion/deformation two–way 

coupling. Instead of using only the deformation and concen-

tration of the diffusion species as nodal variables, the hydro-

static stress 
mσ  [68] or the Li chemical potential [91] can 

also be treated as a redundant degree of freedom, thereby 

automatically resolve the relevant gradient needed by Fick’s 

law (Eq. (8)). For example, one can use 
mσ  as the redundant 

variable and then constrain it by [68] 
 

( )
( )

det
1 0.

det

m
mSFV
dV

K

σ
δσ

 
 − − = 
  

∫
F

F
 (11) 

 

(a) 

 

 

(b) 

 

 

(c) 
 

Fig. 9. Typical concentration profiles during galvanostatic charging of 

electrode particles. Both profiles with (solid lines) and without (dashed 

lines) the mechanical-to-chemical coupling, namely the SED effect, are 

given: (a) Typical concentration profile in a spherical LiMn2O4 particle 

[50]; (b) Typical concentration profile, normalized into the SOC, in a 

spherical LiC6 particle [25]; (c) Concentration profile in a Li/Si 

nanowire when galvanostatically lithiated to the half-charged state 

[68]. Figures reproduced with permission. 
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This relation is simply the variational form of the hydro-

static part of Hook’s law. Using the 20-node mixed element as 

shown in Fig. 10, Gao and Zhou solved a range of problems 

such as the relaxation of stress by interdiffusion [17] and the 

effect of lithiation-induced softening on SED [75]. The nu-

merical framework independently proposed by Bower et al. 

[91] is based on a similar principle, although the redundant 

variable chosen is Li chemical potential and the element used 

is linear. Both methods [17, 91] are reported to be highly effi-

cient and stable. 

 

5. Fracture mechanics 

5.1 Models based on maximum tensile stress and the total 

strain energy 

Cheng et al. [48] considered a fracture initiation criterion in 

a spherical electrode that is based on equating the maximum 

tensile stress maxσ  found in the electrode with the fracture 

strength 
Fσ  of the electrode material, i.e. 

 
max .

F
σ σ=  (12) 

  

In order to quantify the relative importance of surface kinet-

ics and diffusion, they adopted the Biot number original used 

for thermal stress problems [96]. For spherical electrode parti-

cles with radius R, the Biot number is defined as 

( ) ( )' ' /a c IB k k R D c= + , where 
ID  is the diffusivity, c is the 

molar concentration, and '

a
k  and '

c
k  are the anodic and 

cathodic rate constants, respectively. When B is large, the 

surface reaction is fast compared to diffusion and vice versa 

when B is small. For both small and large B values, it is found 

that a high value of ( )1 /F Eν σ−  is desirable because, for the 

same charging conditions, a lower value of ( )1 /Eν−  de-

creases maxσ  while a higher 
Fσ  signifies higher fracture 

resistance. This maximum-stress-based criterion is neverthe-

less incomplete, because it only relates to the nucleation of 

cracks but not the subsequent propagation [46]. Cracks, once 

formed, may not propagate if there is insufficient energy to 

create new fracture surfaces.  

To quantify the likelihood for both crack initiation and for 

nucleated cracks to grow, Cheng et al. [46] later proposed a 

criterion that is essentially an electrochemical counterpart of 

Hasselman’s thermal shock model [97]. This model [46] is 

based on the assumption that all the elastic energy associated 

with the diffusion-induced stresses (DIS) can be eventually 

transformed into effective surface energy and that the body is 

stress-free when cracks are arrested. Specifically, the total 

surface energy required for crack propagation is equal to the 

total elastic energy 
TE , such that 

 

2T effE ANγ= . (13) 

 

Here, A is the mean area over which N numbers of cracks will 

propagate in a sphere, and effγ  is the effective surface energy. 

By using the total elastic energy 
TE , Cheng et al. showed 

from Eq. (13) that the average crack area per unit electrode 

volume 
VS  is 

 

21
0.23V F

eff

S
E

ν
σ

γ

−
≈ . (14) 

 

It is reasoned that when 
VS  exceeds a critical value, the 

percolation path for electric current in the electrode will be 

destroyed, and the loss of electrical connectivity would lead to 

performance degradation.  

The strain-energy-based criterion (Eq. (13)) is essentially a 

simplified version of the Griffith’s criterion. The main advan-

tage of such simplistic models as delineated in Refs. [46, 48] 

is the ease with which analytical solutions can be developed 

and used to study the main features of scaling laws that govern 

crack initiation and failure. Since lithiated silicon is highly 

ductile, such analytical solutions based on the linear elastic 

model may deviate significantly from realistic situations. 

Nonlinearity due to finite deformation and inelasticity usually 

necessitates more sophisticated models for fracture and nu-

merical simulation. In terms of models based on the finite 

element analysis, primarily two methods are usually used by 

researchers to quantify fracture tendency. The first is based on 

the cohesive zone method and the second is based on the en-

ergy release rate. 

 

5.2 Models based on cohesive zones 

Cohesive models of fracture were originally developed to 

remove crack-tip stress singularity due to cohesive interac-

tions [98] or plastic deformation [99]. This approach and the 

associated finite element framework called the cohesive finite 

element method (CFEM) have been used to simulate a wide 

range of fracture problems, including particle deboning, dy-

namic fracture and microstructural mechanisms of fracture 

[100-104]. Based on the concept of cohesive zones, Bhandak-

kar and Gao [105] developed an analytical model for crack 

nucleation in an initially crack-free stripe electrode during 

galvanostatic intercalation and deintercalation. For a periodic 

u, CG, CH, σm

u

 
 

Fig. 10. The mixed finite element used to calculate deforma-

tion/interdiffusion coupling in alloy-based electrodes. 2nd order 

isoparametric shape functions are used for displacement and linear 

isoparametric shape functions are used for concentration and pressure. 

The corner nodes have displacement, concentration and hydrostatic 

stress DOF and the edge nodes only have displacement DOF. Repro-

duced from Ref. [17] with permission. 
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array of cracks in a free-standing thin strip, they showed that 

there exists a critical length scale in the form of 
 

( )
( )

1/ 3
2 2

2 2

1
13

1
ft

F D
H

E I

ν

ν

  Γ − =   + Ω  
 (15) 

 

where I is the surface current density, F is the Faraday’s con-

stant, D is the diffusivity, E is the Young’s modulus, ν  is the 

Poisson’s ratio, Ω  is the partial molar volume of Li, and Γ  

is the fracture energy which is the area under the traction-

separation curve of the cohesive crack surface. When the 

characteristic dimension of the electrode, such as the thickness 

for the strip, is below ftH , crack nucleation becomes impos-

sible irrespective of the cohesive strength of the material. This 

is not because the peak stress in the electrode remains smaller 

than the cohesive strength, rather it is because the maximum 

surface separation within an emergent cohesive zone cannot 

reach the cohesive interaction range [105]. In this case, the 

localized deformation in the cohesive zone is fully recoverable 

once the diffusion-induced stresses are lowered. The overall 

trend given by Eq. (15) is consistent with that given by an 

analysis based on the maximum tensile stress [25, 48] and the 

total strain energy [46], although the scaling index 

[ ( )1/ 3 2 / 3 1/ 3 2 / 3/ftH D E I∝ Γ  here] is different from those given 

by the other two types of analysis. This difference is partly 

due to the difference in the failure criteria used and partly due 

to the difference in the geometric configurations and crack 

patterns considered. Specifically, the periodic crack patterns 

considered by Bhandakkar and Gao [105] involves interac-

tions among adjacent cracks, while other analyses [25, 47, 48] 

mostly concern the nucleation and growth of isolated cracks. 

In realistic cases, whether the inter-crack interaction is impor-

tant or not is likely dependent on the specific geometric con-

figuration of the electrode. 

Bower and Guduru [91] and Grandab and Shenoy [76] used 

the cohesive finite element method to analyze the fracture be-

havior of Li/Si electrodes. Both analyses consider the two-way 

coupling between diffusion and deformation, by using the 

mixed finite element method [106] or by calculating the pres-

sure gradient from fields in adjacent elements [76]. It is found 

that the two-way coupling can lead to lithium accumulation at 

the crack tip [76], similar to the accumulation of hydrogen in 

hydrogen embrittlement problems. Such accumulations could 

have a significant impact on near-tip stress fields and, conse-

quently, affect fracture [69]. The use of cohesive elements al-

lows fracture propagation to be explicitly tracked with ease, 

compared with other propagation-tracking techniques such as 

crack-tip remeshing [107]. When significant plasticity is in-

volved, however, care must be taken when using cohesive finite 

elements because the critical separation might be comparable or 

even larger than nano-sized features in the electrodes. 

 

5.3 Fracture criteria based on energy release rate 

Since lithiated silicon is highly ductile, fracture criteria 

based on the energy-release-rate seem to be a logical choice 

for fracture analyses. Hu et al. [108] used the energy release 

rate and the Griffith condition to study insertion-induced 

cracking in LiFePO4 particles caused by the mismatch be-

tween different phases. Ryu et al. [109] proposed a framework 

for calculating the energy release rate J for cracks in Si 

nanowire electrodes and used the framework to study the size 

dependence of fracture. This theory nevertheless relies on the 

effective diffusivity effD  as given by Eq. (9) and, therefore, 

is only applicable when the material deformation is elastic. In 

order to overcome this shortcoming, Gao and Zhou [69] de-

veloped a fully-coupled finite deformation theory for analyz-

ing the coupled mechano-diffusional driving forces for frac-

ture in electrode materials. They found that the standard form 

of J-integral as energy release is no longer path-independent 

when coupled mechano-diffusional driving forces are present. 

Instead, an area integral must be included to maintain path-

independency, such that the energy release rate J is given by 
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∫ ∫
 (16) 

 

where Γ  is the integration contour, VΓ  is the domain 

bounded by Γ , φ  is the Lagrangian density of the Helm-

holtz free energy, 1PK

Ji
σ  is the first Piolo-Kirchoff stress, and 

Pw  is the plastic potential. Here, the additional area integral 

[second term of Eq. (16)] is very similar to that found in hy-

grothermal [110] and dynamic [103, 111, 112] fracture prob-

lems. 

By using the mixed finite element method and the J integral 

as given in Eq. (16), Gao and Zhou [69] showed that under 

loading, lithium accumulates at tips, leading to relaxation of 

the hydrostatic stress. When the material is linear elastic, it is 

found that this accumulation process does not affect in-plane 

stress fields or the stress intensity factor but increases the en-

ergy release rate. When the material is capable of deforming 

plastically, as is the case for lithiated Li/Si, it is found that 

global yielding (large scale yielding) provides a mechanism 

for stress relaxation which can significantly reduce the energy 

release rate. For a thin-film Li/Si electrode with a through-

thickness surface crack of length a, they calculated the energy 

release rate J for the crack during the discharge process. The 

process they consider mimics the situation when a thin film is 

first charge to a SOC of 
0Ξ , and then discharged gal-

vanostatically. The amount of lithium extracted during such a 

discharge process is recorded as ∆Ξ . As shown in Fig. 11(a), 

the energy release rate J increases as more and more lithium is 

extracted. When J reaches the critical value JCR, the surface 

crack would grow and penetrate the film. What is most inter-

esting is the inflection points in the J- ∆Ξ  curves with 

higher values of 
0Ξ . These inflection points are attributed to 

the onset of global yielding. When global yielding starts, 

stresses are relaxed by the plastic deformation and the energy 
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release rate is reduced relative to the levels in situations with-

out plasticity. Since the elastic modulus and yield stress of 

Li/Si both decrease as Li concentration increases, full-scale 

yielding can be reached by the J- ∆Ξ  curves with higher 

0Ξ  but not by those with lower 
0Ξ  without first hitting the 

J=JCR threshold. In other words, the driving force for fracture 

in thin-film electrodes can be lowered by operating thin-film 

electrodes at higher Li concentrations because such cycling 

regimens takes advantage of the effects of lithiation-induced 

softening or the brittle-ductile transition in failure mode.  

Fig. 11(b) shows the maximum utilizable amount of Li (as 

measured by ∆Ξ ) as a function of 
0Ξ  when pre-cracks with 

different sizes are present in a thin film electrode. Here, 

( )0 0,CRΞ ∈ Ξ − ∆Ξ Ξ  is the safe window in which the elec-

trode can be operated without fracture. For each pre-crack 

length a, the corresponding 
0

~
CR

∆Ξ Ξ curve delineates the 

boundary between the unsafe region (upper left) and the safe 

region (bottom right). In real thin-film electrodes, the smooth-

ness of electrode surfaces is always limited by the manufactur-

ing and operating conditions, such that the existence of surface 

defects is inevitable. It is concluded by Gao and Zhou from Fig. 

11(b) that for the same operational capacity ( ∆Ξ ), a thin-film 

electrode is always more defect-tolerant when the chang-

ing/discharging regimen is designed such that the battery oper-

ates at higher concentration windows of ( )0 0,CRΞ ∈ Ξ − ∆Ξ Ξ .  

It should be noted that as a fracture mechanics criterion, the 

Griffith condition generally does not apply to fatigue crack 

growth, while the failure of secondary battery electrodes can 

occur under static or cyclic loads (charge-discharge). For an 

electrode to last, however, it has to survive the first few cycles, 

during which electrode failure is mainly governed by fracture 

mechanics. Even when fatigue is important, analyses using 

relations such as the Paris law [113] generally require the cal-

culation of fracture driving force in the form of KI or J. Such 

fatigue analyses can be very challenging. Indeed, research in 

this regard has been carried out only for intercalation electrode 

materials [113], but not for alloy-based materials which may 

deform plastically. The fully-coupled theory of embodied in 

Eq. (16), therefore, can also be regarded as an essential part of 

future models for cyclic failure in alloy-based battery elec-

trodes.  
 

6. Electrode-electrolyte interaction and microstruc-

tural-level models 

The models reviewed so far mainly concern the chemo-

mechanical response of thin-film electrodes or isolated elec-

trode particles. Such models focus on the processes in the 

solid domain of the electrode in which the electric potential is 

usually assumed to be a constant because of the high electric 

conductivity. In such treatments, transport in the electrolyte 

and on the electrolyte-electrode interface can be regarded as 

extrinsic, and the overall effect of this extrinsic process can be 

lumped into the boundary condition at the surface of the solid 

electrode domain. The boundary conditions typically consid-

ered include galvanostatic condition or potential static condi-

tion. For the former, surface influx is constant and pre-

defined; for the latter, the electric potential of the cell is speci-

fied and the surface outflux of Li LiJ  is governed by the 

well-known Butler-Volmer equation such that [25, 28, 88, 114, 

115] 
 

0 exp expLi a c
s s

i F F
J

F RT RT

α α
η η

       = − −          
 (17) 

 

where ( )0 0 , ,Lii i C C T+=  is the exchange current density, a 

function of the Li concentration LiC  in the electrode particle 

at its surface, the concentration C+  of Li
+
 ions in the electro-

lyte, and temperature T. The parameters 
aα  and 

cα  are the 

transfer coefficients, and R is the ideal gas constant. Here 

( ), ,Li

s s e U C C Tη += Φ − Φ −  is known as the surface over-

potential, where 
sΦ  is the potential at the electric particle 

surface, 
eΦ  is the electric potential in the eolectrolyte adja-

cent to the particle surface, and U is the open circuit potential 

(OCP). Usually, for potential-static charging conditions of a 

LiSi vs. Li metal half cell, the value of 
s eV = Φ − Φ  can be 

directly specified if the LiSi electrode is in the form of isolated 

particles or thin films, and the Li
+
 ion concentration in the 

electrolyte is assumed to be a constant. Under these conditions, 

 

(a) 

 

 

(b) 
 

Fig. 11. (a) Dependence of energy release rate or driving force for 

fracture on discharge level ∆Ξ  and initial concentration 
0Ξ  for a 

crack with a length of 20 nm in a thin film; (b) Design map showing 

the maximum extractable amount of lithium ∆Ξ  without crack 

growth as a function of initial SOC 
0Ξ  for different pre-crack sizes. 

Reproduced from Ref. [69] with permission. 
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LiJ  can be uniquely determind from LiC  at the particle sur-

face. Such an assumption is widely used to study potential-

static charging processes of thin films and isolated particles 

(see e.g., Refs. [83, 84]). 

In most Li-ion battery applications, however, the electrodes 

are made of neither isolated particles nor homogenous thin-

films. Instead, the electrode is usually an aggregate of storage 

particles (e.g. LiSi particles), held together by a polymeric 

binder [116]. Often times, carbon-based additive is used to 

enhance the electric connectivity among active storage parti-

cles [117, 118]. The binder-particle microstructure is usually 

porous [116], so that electrolyte can penetrate inside and pro-

vide pathways for Li
+
 transport. In these situations, Li

+
 ion 

transport in the binder/electrolyte domain is no longer an ex-

trinsic process as modeled in isolated particle models, and the 

spatial distribution of electric potential has to be explicitly 

considered together with the concentration and stress distribu-

tion [115]. 

As already mentioned, the Butler-Volmer kinetics provides 

a way to quantify the surface flux for isolated particles when 

the charging condition is potential-static, i.e., when the charg-

ing voltage 
s eV = Φ − Φ  is specified. For isolated particles 

charged under galvanostatic conditions, there is no need to 

explicitly consider the Butler-Volmer equation because the 

surface influx is directly stipulated by the system-wide electric 

current. For electrodes made of interacting particles, however, 

the Butler-Volmer equation, as well as the laws that govern 

transport inside the electrolyte domain, are needed even when 

the charging is galvanostatic. This is because in real gal-

vanostatic experiments, it is the total current, not the current 

into each individual particle, that can be controlled and meas-

ured. Depending on the location and environment of each 

particle, the surface influx can be different [115].  

There is no doubt that the complexity of models increases 

significantly when one goes from isolated particles to micro-

structures. Almost inevitably, simplifying assumptions and 

approximations are needed. The porous electrode theory [119, 

120] is one of the earliest successful theories to reduce the 

complex microstructures of battery electrodes into a more 

tractable 1-D homogenized picture. This theory is essentially a 

mean-field theory, in which the electric potential, the Li con-

centration and flux, and the electric current are all homoge-

nized into spatial-average quantities over a certain representa-

tive dimension. The microscopic transport equations in the 

electrolyte, active storage particle, electrolyte-electrode inter-

face, along with the continuity equations of mass and electric 

field, are then averaged into governing equations for the ho-

mogenized variables.  

Despite its powerfulness and wide application, the porous 

electrode theory by itself does not directly tackle the stresses 

in individual particles of the microstructure, because such 

stresses are microscopically local quantities instead of macro-

scopically homogenized ones. Christensen [114] proposed a 

pseudo-2D model which is essentially a multi-scale model that 

links the global solution of porous electrode theory to the mi-

croscopic response of an individual particle. The model is 

considered pseudo-2D because it entails two 1-D models in 

two different scales: an 1-D porous electrode model which is 

appropriate for cells with a collector-electrode-separator 

sandwich structure, and an 1-D diffusion/deformation cou-

pling model of spherical-shaped electrode particles for which 

the radial coordinate is taken as the only relevant spatial di-

mension. The scale linking is achieved by utilizing the pore-

wall flux computed in the porous electrode material, as a 

boundary condition at the surface of the microscopic single 

particle domain. The particle domain equation is in turn 

solved to yield the lithium concentration at the spherical sur-

face. Through feeding of this surface concentration back into 

the porous electrode model via the Butler-Volmer kinetics [cf. 

Eq. (17)], the two domains are connected to allow calculation 

of stresses and fracture tendency in active storage particles.  

Beside the multi-scale technique proposed by Christensen 

[114], models that directly simulate the coupling between 

electrochemistry and mechanical deformation at the micro-

scopic level have also been developed. Garcia et al. [117, 118] 

studied the effect of microstructures on transport process and 

stress buildup using such a bottom-up approach by leveraging 

the finite element method. In terms of cathode macrostructures, 

they found that battery performance could be improved by 

controlling the transport paths to the back of the positive po-

rous electrode, maximizing the surface area for intercalating 

lithium ions, and carefully controlling the spatial distribution 

and particle size of active material [117]. They also discussed 

the potential benefit of using interpenetrating electrode archi-

tectures, which has highly percolating particle distributions 

with short diffusion distances. The original models developed 

by Garcia et al. only considered the one-way coupling of dif-

fusion-induced stresses. It was later augmented by Purka-

yastha and McMeeking, who introduced the effect of stress 

gradient on diffusion as well [115]. 

One of the main advantages of the bottom-up approaches, 

which start from the microscopic level up to higher levels, is 

that such approaches allow non-spherical particle shapes. 

Even when the particles are spherical, the quasi-2D model is 

based on the assumption that concentration and stress fields in 

the particle are spherically symmetric. The reality is generally 

not the case [91, 115], as shown in Fig. 12. The bottom-up 

approaches are nevertheless computationally expensive. In-

deed, most of such studies are 2-D [115, 117, 118]. When 3-D 

representations are sought, the microstructure is usually mod-

eled with a very small number of particles in a representative 

unit cell that is repeated using periodic boundary conditions 

(see, e.g., Ref. [106]). 

 

7. Concluding remarks 

Miniaturization has shown to be an effective means to de-

velop electrodes for the next generation high-capacity and 

high-performance rechargeable batteries. The improvement of 

nano-sized Li-alloy electrode materials requires a fundamental 
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understanding of the chemo-mechanical characteristics of the 

coupled chemical-mechanical processes associated with the 

operation of batteries. While stress buildup associated with 

lithiation and delithiation bears certain resemblance to the 

development of thermo-stresses, a phenomenon better studied 

and relatively well-understood, the multiphysics processes in 

alloy-based electrodes are much more complex, challenging 

and intriguing. The reasons are not only because much larger 

deformations are involved, but also because the processes 

entail two-way coupling between diffusion and deformation, 

nonlinearity and chemical reaction. This richness of physics 

presents opportunities for interdisciplinary research to the 

solid mechanics, physics, chemistry, and materials communi-

ties. While the issues are challenging, the new phenomena are 

both theoretically interesting and practically important.  

We have attempted to provide a review of the background, 

issues and latest research on the mechanical aspects of alloy-

based anodes, especially those based on the Li/Si alloy, for Li-

ion batteries. The coupling between diffusion and stress is 

two-way and the strength of the mechanical-to-chemical cou-

pling in Li/Si is much stronger that what has been known in 

other electrode materials such as intercalation cathode materi-

als (e.g., LiFePO4) and carbonaceous anode materials (e.g., 

LiC6). The diffusion-induced large deformations have been 

analyzed through Lee-type decompositions. Analyses have 

shown that lithiation-induced softening in terms of both the 

elastic modulus and the yield stress plays a very important role 

in determining the response of alloy electrodes. Such analyses 

necessitate realistic models that account for the relevant phys-

ics and special techniques. As one result of research heretofore, 

methods such as the mixed finite element method has been 

developed and used. 

All models and analyses for alloy-based electrode materials 

ultimately have a common goal: to improve the performance 

of batteries in terms of capacity, cyclability, and power density. 

The mitigation of cycling-induced mechanical fracture and 

property degradation is generally regarded the foremost issue. 

The fracture models reviewed in section V share this common 

aim. On the other hand, experiments also show that besides 

fracture, alloy-based electrodes may also fail due to the forma-

tion and coalescence of internal voids [7]. Such failure by 

voiding, although potentially important, has been given much 

less attention than the failure by brittle or ductile fracture. 

Future research in this regard is considered highly relevant 

and important by the authors. 

On the other hand, most research on the mechanical issues 

of battery electrodes have focused on the stresses and fracture 

in the electrode material itself. Relatively less research has 

been carried out to consider the effects of the solid-electrolyte 

interphase (SEI), a layer that forms on the surface of elec-

trodes [121]. This is partly due to a lack of experimental data 

on the mechanical properties of SEI. Nevertheless, studies by 

Wu et al. [5] indicates that the interaction between the SEI and 

the electrode material may significantly affect battery cyclabil-

ity. Understanding of the implications of SEI on the stresses 

and failure tendency is probably the most important missing 

link between the current mechanical models and a more com-

prehensive understanding of the interplays among different 

factors in battery operation.  

Finally, it is important to point out that ultimately the design 

of battery electrodes must reach the macroscopic size scale. 

As such, it is recognized that the microstructures of electrodes 

consist of not only the active particles or films, but also a 

binder and a network of pores. The design of microstructures 

account for the essential multiphysics processes and the hier-

archical nature of the materials is yet another area with sig-

nificant research needs. 
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