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Abstract The effect of external constraints on Li diffusion
in high-capacity Li-ion battery electrodes is investigated us-
ing a coupled finite deformation theory. It is found that thin-
film electrodes on rigid substrates experience much slower
diffusion rates compared with free-standing films with the
same material properties and geometric dimensions. More
importantly, the study reveals that mechanical driving forces
tend to retard diffusion in highly-constrained thin films when
lithiation-induced softening is considered, in contrast to the
fact that mechanical driving forces always enhance diffusion
when deformation is fully elastic. The results provide further
proof that nano-particles are a better design option for next-
generation alloy-based electrodes compared with thin films.

Keywords Li-ion battery · Inelastic flow · Lithiation in-
duced softening · Changing rate

1 Introduction

Negative electrodes based on amorphous lithium alloys have
attracted significant interest because they offer capacities
much higher than those of graphite electrodes [1]. How-
ever, when guest atoms are inserted into or extracted from
these electrodes, the material expands or shrinks by up to
∼300% [2], inducing stresses that can cause material crack-
ing [3]. One way to mitigate the problem is to reduce the
size of the electrodes. In particular, electrodes made of
nano-sized structures such as nanowires (NWs), nanotubes
and nanoscale core-shell structures have been shown to be
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particularly effective in avoiding fracture [4–8].
Besides higher capacity and better cyclability, faster op-

erational charging rate is another important desideratum in
battery design [9]. In order to shorten the charging time,
it is essential to enhance transport kinetics by optimizing
material properties and electrode geometries. It has been
suggested that both surface transport and bulk diffusion of
lithium are strongly coupled with the state of mechanical
stress [3]. Bower et al. [10] developed a comprehensive
framework and used it to analyze the time-dependent plas-
ticity in thin-film Li/Si electrodes. Zhao et al. [11] consid-
ered plastic deformation and showed that inelastic flow can
significantly alleviate stresses in Li/Si. Recent experiments
by Soni et al. [12] suggest that the overall charging speed of
Li/Si is more likely to be limited by diffusion inside the elec-
trode rather than by surface transport, at least for thin films
with thickness above 250 nm. However, it is not well un-
derstood how mechanical constraints affect the diffusion in
alloy-based electrodes, especially when both two-way cou-
pling and large deformation are present.

In this paper, we investigate the effect of external con-
straints on Li diffusion using a fully coupled, finite defor-
mation framework. It is found that thin-film electrodes on
rigid substrates suffer from much slower diffusion rates com-
pared with free-standing films (or nano-flakes in some appli-
cations) with the same material properties and geometric di-
mensions. Of particular interest is the surprising finding that
mechanical driving forces tend to retard diffusion in thin-
film electrodes when lithiation-induced softening is consid-
ered. This is in sharp contrast to the fact that mechanical
stresses always enhance diffusion when the deformation is
in the elastic regime. The result provides further support for
nano-particles as a better alternative to thin films as alloy-
based electrode material.

2 Two-way coupling between diffusion and stress devel-
opment

For the analysis here, the electrode is assumed to be com-
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posed of two chemical species: host (denoted as H) and
guest (lithium). Good electric conductance is assumed so
that the whole electrode is at the same electric potential. Dur-
ing charge/discharge, lithium atoms diffuse in the electrode,
while the host atoms are assumed to be immobile. It should
be noted that Johari et al. [13] recently calculated the diffu-
sivity of both Li and Si in silicon-based electrodes at room
temperature and found that the ratio between Si and Li diffu-
sivities in amorphous Li/Si falls into the range of 0.8×10−2–
1.39 × 10−2. Although even such low values of host diffu-
sivity

(
DH

)
may have non-negligible effect on the evolution

of stresses, we assume DH = 0 here as a first-order approx-
imation to simplify the analysis and focus on the effect of
external constraints on Li transport. The conclusions thus
drawn should apply to cases with finite values of DH as long
as it is much smaller than the diffusivity DLi of Li.

Under the assumption of negligible host diffusivity, the
host atoms can be treated as a scaffold through which Li
transports. The movement of this scaffold defines the contin-
uum deformation xxx = xxx (XXX, t) during charge/discharge. The
deformation of an infinitesimal volume element can then be
characterized by the deformation gradient FFF = ∂xxx/∂XXX with
FiJ = ∂xi/∂XJ . The Eulerian concentrations of the host and
lithium, namely the atomic numbers per unit current volume,
are denoted by cH and cLi, respectively. Their Lagrangian
counter parts CH and CLi are related to cH and cLi through
CH = det (FFF) cH and CLi = det (FFF) cLi. Since host diffusion
is neglected, CH does not change with time, and a single di-
mensionless composition ξ ≡ CLi/CH can be used to conve-
niently characterize the local charging state.

Following the standard theory of large deformation plas-
ticity, a Lee-type decomposition [15] can be performed to the
deformation gradient

FFF = FFFe · FFFSF · FFFp, (1)

where FFFe, FFFSF and FFFp are the elastic, stress-free volumetric
and plastic deformation gradients, respectively [16, 17]. The
velocity gradient is

L = ḞFF · FFF−1

= ḞFF
e · (FFFe)−1

+ FFFe · ḞFFSF ·
(
FFFSF

)−1 · (FFFe)−1

+ FFFe · FFFSF · ḞFFp · (FFFp)−1 ·
(
FFFSF

)−1 · (FFFe)−1 , (2)

and the associated rates of deformation are

DDDe ≡
[
ḞFF

e
(FFFe)−1

]
sym
,

DDDSF ≡
[
FFFe · ḞFFSF ·

(
FFFSF

)−1 · (FFFe)−1
]

sym
,

DDDp ≡
[
FFFe · FFFSF · ḞFFp · (FFFp)−1 ·

(
FFFSF

)−1 · (FFFe)−1
]

sym
,

DDD ≡ [LLL]sym = DDDe +DDDSF +DDDp.

(3)

In this paper, we assume the stress-free expansion due to
concentration change is isotropic so that

FFFSF =
[
JSF

(
CLi

)]1/3
III, (4)

where JSF
(
CLi

)
= det

(
FFFSF

)
measures the volume change

due to changes in Li concentration. On the other hand, the
elastic strain associated with FFFe is

εεεe ≡ 1
2

[(
FFFe)T FFFe − III

]
. (5)

We assume small εεεe, i.e., the elastic stretch UUUe associ-
ated with FFFe = RRReUUUe is small although the rotation RRRe may
be finite. The Cauchy stressσσσ is given by

σi j = Fe
iK

(
3Kεe

mδKL + 2Gεe′
KL

)
Fe

jL, (6)

where εe
m ≡ εe

kk/3 and εe′
i j ≡ εe

i j − εe
mδi j are the isotropic

and deviatoric parts of the elastic strain; K and G are the
bulk and shear modulus, respectively. The particular form
of Eq. (6) ensures that the correct rotational relationship be-
tween εεεe and σσσ is maintained.

Plastic deformation is assumed to follow the associated
flow rule with composition-dependent yield surface σY =

σY

(
CLi

)
in the form of

Q = Q (σσσ) =
1
2
σσσdev : σσσdev − 1

3
σ2

Y = 0, (7)

where σσσdev ≡ σσσ − tr (σσσ) /3III is the deviatoric part of the
Cauchy stress. Below the yielding threshold, DDD is simply
given by the rate form of Eqs. (4) and (6), i.e.

DDD =

(
1

9K
− 1

6G

)
tr

( ◦
σσσ
)

III +
◦
σσσ

2G
+

⎡⎢⎢⎢⎢⎢⎢⎣
1
3

∂
(
ln JSF

)

∂CLi
ĊLi

⎤⎥⎥⎥⎥⎥⎥⎦ III. (8)

Here,
◦
σσσ ≡ σ̇σσ−WWW ·σσσ+σσσ·WWW is the Jaumann objective rate ofσσσ,

with WWW =
(
LLL − LLLT

)
/2 being the spin tensor. Upon yielding,

the rate of deformation including plasticity is

DDD =

(
1

9K
− 1

6G

)
tr

( ◦
σσσ
)

III +
◦
σσσ

2G

+

⎡⎢⎢⎢⎢⎢⎢⎣
1
3

∂
(
ln JSF

)

∂CLi
ĊLi

⎤⎥⎥⎥⎥⎥⎥⎦ III + λ̇
∂Q
∂σσσ
, (9)

where the scalar rate λ̇ can be determined from consistency
conditions and takes the form of

λ̇ =
3
2

1

σ2
Y

DDD : σσσdev +
ĊLi

2GσY

∂σY

∂CLi
. (10)

Equations (9) and (10) give the mechanical constitutive be-
havior when the yield stress is reached, while Eq. (8) governs
the deformation in the elastic regime. Together with the con-
servation of momentum equation

∂σ ji

∂x j
= 0, (11)
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the above equations allow the deformation of the electrode
material to be determined.

The diffusive flux of lithium can be measured either in
the Lagrangian frame as JJJLi or in the updated Lagrangian
frame as jjjLi. These measure are related through fff ≡ FFF−1 as

JLi
K = det (FFF) fKi jLi

i . (12)

On one hand, JJJLi must satisfy the requirement of mass con-
servation such that

∂CLi

∂t
+
∂JLi

K

∂XK
= RLi

b , (13)

where RLi
b is the body source of Li measured in the La-

grangian frame. In this paper, we assume RLi
b = 0. On the

other hand, the Fick’s law requires

JLi
K = −

DLi

kBθ
fKi fJiC

Li ∂μ
Li

∂XJ
, (14)

where DLi = DLi (ξ) is the composition-dependent diffusiv-
ity of lithium, kB is the Boltzmann constant; θ is the temper-
ature, and μLi is the chemical potential of lithium which can
be expressed as

μLi = μLi
SF − det

(
FFFe)ΩLi(SF)σm. (15)

Here, σm ≡ σkk/3 is the hydrostatic stress, ΩLi(SF) ≡
∂JSF/∂CLi is the stress-free partial atomic volume of lithium,
and μLi

SF = μ
Li
SF(CLi) is the isothermal chemical potential of

lithium when the material is stress-free. Generally speaking,
μLi

SF(CLi) can be determined by fitting the activity coefficient
to experimental open circuit potential (OCP) data [3]. To
simplify the problem, however, we adopt the ideal-solution
form of μLi

SF originally proposed by Larche and Cahn [18]
and subsequently used by Purkayastha and McMeeking [19]
and Yang et al. [20] in the form of

μLi
SF = μ

Li
∗ + kθ ln

ξ

ξmax − ξ , (16)

where ξmax is the maximum charging limit of the electrode
material and the constant μLi∗ is a reference chemical poten-
tial. The composition-dependent diffusivity DLi, on the other
hand, is taken to be [19, 20]

DLi = DLi
0 (1 − ξ/ξmax) = DLi

0

(
1 −CLi/CLi

max

)
. (17)

Combining Eqs. (14) and (17) leads to the lithium flux of

JLi
K = JLi,chem

K + JLi,mech
K ,

JLi,chem
K = −DLi

0 fKi fJi
∂CLi

∂XJ
,

JLi,mech
K =

DLi
0

(
1 −CLi/CLi

max

)

kBθ
fKi fJiCLi

∂
(
ΩLi(SF)σm

)

∂XJ
.

(18)

In the above relations, JLi,chem
K and JLi,mech

K are contributions
due to chemical interaction and mechanical driving force, re-
spectively. According to Purkayastha and McMeeking [19],
the main advantage of Eqs. (16) and (17) is that it correctly
captures the fact that the stress-gradient-driven diffusion flux
JLi,mech

K (cf. Eq. (18)) vanishes at the charging limits of ξ = 0
and ξ = ξmax.

One of the major numerical challenges here is associated
with the gradient of the hydrostatic stress (i.e. ∂σm/∂XJ)
that appears in Eq. (18) when a finite element (FE) method
is used. Since ∂σm/∂XJ ∝ ∂εe

m/∂XJ , either the strain gradi-
ent or the stress gradient itself has to be calculated numeri-
cally. We used the mixed finite element method [14] to han-
dle this issue when analyzing coupled diffusion/deformation
processes. This method not only uses the deformation and
host/guest concentrations as nodal variables, but also inter-
polates σm as a redundant degree of freedom, thereby auto-
matically resolving ∂σm/∂XJ required. The details of this
numerical framework will not be elaborated in this paper.

3 Numerical results and discussion

The rate-form, large-deformation, mixed finite element
framework is used to analyze the two-way coupling between
diffusion and stress development. The issues of focus are

(1) how does the stress-gradient-driven diffusion flux
JLi,mech

K affect the transport of Li under different mechanical
constraints and

(2) as an important figure of merit for batteries, how sig-
nificantly does this difference affect the operational charging
rate?

To this end, we consider two simple electrode configu-
rations with essentially the same material properties and ge-
ometric setup, but different mechanical constraints. The first
configuration (Fig. 1a) involves a thin film of LiξSi (host is
Si) with thickness H perfectly bonded to a substrate which
has a stiffness much higher than that of the film and, there-
fore, can be treated as rigid. A constant influx of Li is spec-
ified at the top surface so that the electrode is charged under
galvanostatic conditions. This surface influx is measured in
the reference configuration as

JLi
Surf = −JLi

Z (H) =
HξmaxCSi

T0
, (19)

where T0 is the nominal time for achieving full charge. Here,
we take T0 = 4 h (1/4 C charging).

The second configuration (Fig. 1b) has the same thick-
ness and influx, but the bottom surface is only constrained
in the z-direction and is free to move in the other directions.
This is equivalent to a film with a thickness of 2H and the
same influx on both faces. Understandably, the two config-
urations will develop very different stresses due to the dif-
ferent constraints. Our goal is to analyze how CLi (Z, t) is
distributed (Z denotes the Lagrangian coordinate) with two-
way deformation-diffusion coupling under different mechan-
ical constraints.
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LiξSi

LiξSi
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Rigid substrate

z, Z
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H
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b

Fig. 1 The two configurations used to analyze how mechanical
constraints affect Li transport. a Thin film with thickness H per-
fectly bonded to a rigid substrate. A galvanostatic influx is pre-
scribed on the top surface; b A thin film which is constrained only in
the z-direction at the bottom (due to symmetry) with the same gal-
vanostatic influx at the top face (left). This configuration is equiva-
lent to a film with a thickness of 2H under symmetric influxes from
both faces (right). The coordinate in the current configuration is
denoted as z and the coordinate in the Lagrangian configuration is
denoted as Z

The material properties are ΩLi(SF) = 14.2 ×
10−3 nm3 [21, 22], DLi

0 = 10−12 cm2s−1, ξmax = 3.75 and
CSi = CSi

0 = 49.3 nm−3. The temperature is taken to be
300 K. A calculation is first carried out with a composition-
independent Young’s modulus value of E = 80 GPa, Pois-
sion’s ratio value of ν = 0.22 and yield stress value of
σY = 1.75 GPa. The corresponding bulk modulus K and
shear modulus G are 47.62 GPa and 32.79 GPa, respectively.
This calculation is used as the baseline case to study the ef-
fect of lithiation-induced softening on Li diffusion. The sec-
ond calculation involves composition-dependent bulk mod-
ulus K = (12.46ξ + 65.44)/(1 + ξ) GPa, shear modulus
of G = (7.63ξ + 35.51)/(1 + ξ) GPa [23], and yield stress
of σY = (1.75 + 0.167ξ) / (1 + ξ) GPa, allowing comparison
with the baseline case to be made. The variation of yield
stress with concentration represents a simple interpolation
between σY = 1.75 GPa at ξ = 0 and σY = 0.5 GPa at
ξ = ξmax [24, 25] using the rule of mixture.

3.1 Stress-enhanced diffusion during elastic deformation
(configuration b)

Figure 2 shows the profiles of normalized lithium concen-
tration ξ and the stresses in a film with a thickness of H =
500 nm and constraint only in the z-direction at the bottom
(configuration Fig. 1b). When JLi,mech

K is neglected, the con-
centration builds up in the early stages of charging (Fig. 2a),
accompanied by increases in the in-plane stresses (Fig. 2c).
As stresses increase, the surface and center of the film reach
the yield threshold and begin to flow plastically, leading to
plateaus in the stress profiles at t = (0.012 5–0.1)T0. The

time scale for this transient build up of concentration is
τLi ∼ H2/4DLi

0 ∼ 6 × 102 s. Beyond τLi, the long-term
profile of ξ continues to evolve, albeit slowly; however this
evolution is no longer due to transient effects. In Fig. 2d, the
concentration profiles that account for the effects of JLi,mech

K
show similar behavior in early stages as those in Fig. 2a, but
reflect more uniform distribution of Li as time progresses.
Also, the stress levels are much lower (Fig. 2f) compared
with the case without the effect of JLi,mech

K (Fig. 2c). In fact,
the reduction in stresses is so significant that the yield thresh-
old is never reached in Fig. 2f, as a result the deformation is
fully within the elastic regime throughout the charging pro-
cess. A simple analysis shows that when JLi,mech

K is consid-
ered, the diffusion is no-longer governed by DLi

0 itself. In-
stead, JLi

Z is governed by an effective diffusivity DLi,eff such
that [26–28]

JLi
Z = −DLi,eff fKi fJi

∂CLi

∂Z

where DLi,eff ≡ DLi
0 + DLi,mech and

DLi,mech =
CLi

(
1 −CLi/CLi

max

)

kBθ

(ΩG(SF))2

JSF

2EDLi
0

9 (1 − ν) .

(20)

This relationship is valid as long as the deformation is fully
elastic. Here, the second term (i.e. DLi,mech) in the ex-
pression of DLi,eff is always positive. It is due to the me-
chanical driving force for diffusion and is ∼20 times larger
than DLi

0 at ξ/ξmax = 0.5. This effect leads to much faster
lithium transport due to the fact that stresses always try to
“squeeze” Li from compressed regions into tensile regions,
hence the name stress-enhanced diffusion (SED) [26]. It
should be noted that classical theories of diffusion suggest an
asymptotic shape of concentration profile which remains un-
changed once t � τLi. Here, however, the long-term shapes
of the concentration and stress profiles continue to evolve
even for t � τLi. Two mechanisms are responsible. The
first is associated with the fact that DLi,eff = DLi,eff(CLi) is
concentration-dependent [cf. Eq. (20)]. Since DLi,mech ∝
CLi(1 −CLi/CLi

max), SED is less pronounced when ξ is close
0 or ξmax. Therefore the concentration profiles are steeper at
the end of charging process (t = 0.952T0) than at t = 0.1T0

in Fig. 2e. By the same token, the stresses are also higher at
the end than at t = 0.1 T0. This first mechanism is relevant
only for the situation when JLi,mech

K is considered. The sec-
ond mechanism, which is relevant with or without JLi,mech

K , is
associated with the geometric non-linearity under finite de-
formations (Eq. (28)). This mechanism will be discussed
later.

When JLi,mech
K is neglected, the Li concentration reaches

its fully-charged limit of ξmax on the surface at t =
0.864 T0, rendering further galvanostatic charging prac-
tically impossible. In experiments, the charging condition
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Fig. 2 a, b, d, e Normalized Li concentration and c, f stress profiles in a film with a thickness of H = 500 nm and constraint only in the
z-direction at the bottom (configuration in Fig. 1b). a-c Normalized concentration and stress profiles when the mechanical driving force for
diffusion is not considered. d-f Normalized concentration and stress profiles when the mechanical driving force for diffusion is considered.
For clarity, a and d show, with a finer vertical axis scale, the three early-stage profiles in b and e, respectively

is usually switched to potential-static at this point so that
ξ = ξmax is maintained on the surface while ξ in the in-
terior further increases. This charging regimen is not con-
sidered in the simulations here. Instead, the simulations are
stopped once the surface concentration ξ reaches ξmax and the
average Li concentration ξ̄end in the electrode at that point
is used for comparison. This average value is directly re-
lated to the actual change time tend via ξ̄end = ξmaxtend/T0.
Since the actual charging time tend is always smaller than the
nominal charging time T0, ξ̄end is always smaller than ξmax.
Obviously, ξ̄end depends on the charging rate which is con-
trolled by JLi

Surf . Higher charging rates lead to lower ξ̄end.
To achieve the same ξ̄end through slower Li transport, lower
operational charging rate must be used. Calculations show
that, for the material conditions analyzed under the nominal
changing rate of T0 = 4 h, ξ̄end = 0.952ξmax when JLi,mech

K is
considered and, in contrast, ξ̄end = 0.864ξmax when JLi,mech

K
is neglected. Clearly, the SED effect (stress contribution to
diffusion) not only lowers stresses but also increases allow-
able operational charging rate through enhanced Li transport
(and, therefore, more uniform Li distribution). This effect
will be further analyzed later in the context of different me-
chanical constraints.

A look at the distribution of lithium fluxes also provides
insights. Figure 3 shows the Lagrangian lithium fluxes as
normalized by the surface influx (Eq. (19)). Only JLi

Z is plot-
ted because JLi

X = JLi
Y = 0 due to symmetry. For both the

situations with and without the effect of JLi,mech, JLi
Z = −JLi

Surf
at the surface (Z = 500 nm) and JLi

Z = 0 at the center
(Z = 0 nm). Since the problem is 1-D here, the conserva-

tion of mass (Eq. (13)) requires

JLi
Z (Z) = JLi

Z (0) −
∫ Z

0

∂CLi

∂t
dZ = −CSi

∫ Z

0

∂ξ

∂t
dZ. (21)

The normalized concentration ξ ≡ CLi/CSi can be de-
composed into two parts: the average Li-concentration part

ξ̄ ≡ 1
H

∫ H

0
ξdZ, (22)

and the inhomogeneity part

Δξ ≡ ξ − ξ̄. (23)

By Eqs. (22), (21) and (19),

ξ̄ =
t

T0
ξmax. (24)

Therefore, Eqs. (21)–(24) require

JLi
Z (Z) = − Z

H
JLi

Surf − CSi
∫ Z

0

∂Δξ

∂t
dZ. (25)

Since
∫ 0

0
(∂Δξ/∂t) dZ =

∫ H

0
(∂Δξ/∂t) dZ = 0, Eq. (25) has a

Taylor-expansion in the form of

JLi
Z (Z, t) = − Z

H
JLi

Surf −
Z
H

∞∑

n=1

(
1 − Z

H

)n

JLi(n)
Z (t) (26)

where the coefficients JLi(n)
Z (t) are directly related to the time

rate ∂Δξ/∂t of the concentration inhomogeneity.
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Fig. 3 Lagrangian lithium flux normalized by surface influx with
a mechanical driving force not considered and b mechanical driv-
ing force considered. Z denotes Lagrangian coordinate. The film
is constrained only in the z-direction at the bottom and lithiation-
induced softening is not considered

For the case in which JJJLi,mech is not considered (Fig. 3a),
∂Δξ/∂t = 0 once the transient build-up of ξ has completed
(t > τLi). Consequently, JLi(n)

Z (t) = 0 except for the ini-
tial transient stages, explaining why the JLi

Z (Z) profiles in
Fig. 3a are linear for t = 0.1T0 and 0.864T0. For the case in
which JLi,mech is considered, the effective diffusivity DLi,eff

(Eq. (20)) changes slowly even after the initial transient de-
velopment finishes. This long-term modulation of DLi,eff

leads to non-zero ∂Δξ/∂t and hence non-zero JLi(n)
Z (t). As

a result, the JLi
Z (Z) profiles at t = 0.1T0 and t = 0.952T0

deviate from the JLi
Z = −ZJLi

Surf/H line, as seen in Fig. 3b.
Such a deviation is nevertheless fairly small and a first-order
approximation of

JLi
Z ≈ −

Z
H

JLi
Surf . (27)

can lead to some interesting observations. Specifically, when
the thin film is constrained only in the z-direction (Fig. 1b),
the deformation gradient is approximately (in the elastic
regime FFFp = III)

FFF ≈ FFFpFFFSF =
(
JJJSF

)1/3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0

0 1 0

0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (28)

Under this deformation, the concentration gradient ∂ξ/∂Z
can be determined from Eqs. (18), (20) and (27) to be

∂CLi

∂Z
= CSi ∂ξ

∂Z
≈

(
JSF

)2/3
ZJLi

Surf

DLi,effH
. (29)

By the same token, ∂ξ/∂Z without the effect of JJJLi,mech is
governed by

∂CLi

∂Z
= CSi ∂ξ

∂Z
≈

(
JSF

)2/3
ZJLi

Surf

DLi
0 H

. (30)

Equations (29) and (30) show that the shapes of the long-
term ξ profiles are approximately quadratic as long as the
transient build-up stages have finished, regardless of if
JJJLi,mech is considered or not. Moreover, when JJJLi,mech is
not accounted for, the diffusion is controlled by a constant
diffusivity DLi

0 . Because JSF is larger at higher ξ, the con-
centration inhomogeneity Δξ increases with t according to
Eq. (30). This is why the Li concentration profile is steeper
at t = 0.863T0 than at t = 0.1T0 in Fig. 2b. Such a long-
term evolution of ξ profile (Fig. 2b) is fundamentally differ-
ent from that seen in Fig. 2e: although the geometric effect
is also present in Fig. 2e, the evolution of ξ profile in Fig. 2e
is instead mainly due to the slow change of DLi,eff .

The finite dimensional change (Eq. (28)) is also respon-
sible for the observation that the stresses at t = 0.864T0 are
lower than those at 0.1T0 in Fig. 2c. The analysis by Gao and
Zhou [26] shows that, under fully elastic conditions, stresses
scale with the current dimensions according to

σσσ ∝ Δξ/JJJSF. (31)

On the other hand, Eq. (30) indicates that Δξ ∝ (JJJSF)2/3/DLi
0 .

Therefore,

σσσ ∝
(
JJJSF

)−1/3
/DLi

0 (32)

When JLi,mech is not considered, the diffusivity DLi
0 is con-

stant and Eq. (32) indicates that stresses are lower when JSF

is higher. This explains why the stresses at t = 0.864T0 are
lower than those at 0.1T0, as seen in Fig. 2c. This geometric
effect on long-term stresses is so significant that the plastic
regions in Fig. 2c are unloaded back to the elastic regime as
charging proceeds and the associated residue plastic strain
leads to the positive slopes of σxx = σyy at the center and
surface at t = 0.864T0.

It should be noted that the approximation embodied in
Eq. (28) is, strictly speaking, valid only when the deforma-
tion is elastic throughout the charging history, while the de-
formation in Fig. 2c does involve plasticity. Nevertheless,
the above analysis qualitatively explains the long-term evo-
lution of concentration and stress profiles in Fig. 2c because
most of the charging history is in the elastic regime. It will
be shown later that when the material undergoes full-scale
yielding, Eq. (28) must be revised, and the associated finite
deformation would result in very different concentration pro-
files, with or without JJJLi,mech.
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3.2 Neutralization of SED due to plastic flow
(configuration a)

The diffusion characteristics are drastically different when
the thin film is fully constrained at the bottom, as shown in
Fig. 4. First and foremost, due to the strong mechanical con-
straint, the film quickly reaches full-scale yielding regardless
of if two-way coupling is accounted for (see Fig. 4c and 4f).
More importantly, diffusive transport is much slower com-
pared with that seen in Fig. 2. Specifically, ξ̄end = 0.568ξmax

without JLi,mech
K and ξ̄end = 0.590ξmax with JLi,mech

K . This oc-
curs because of two reasons. First, when the material under-
goes full-scale yielding, stress gradient essentially vanishes
(specifically, ∇σm = 0). Since

∣∣∣JLi,mech
∣∣∣ ∝ |∇σm|, the absence

of stress gradient removes the SED effect. Indeed, the fact
that ξ̄end is approximately the same with and without JLi,mech

K
is a direct result of the loss of SED. A look at Fig. 4d re-
veals sudden changes in the slope of ξ profiles at the bound-

ary between the elastic and plastic zones. The steeper slope
in the plastic zone (surface side) indicates that the effective
diffusivity in the yielded region is much lower than that in
the elastic region. As the charging proceeds, the boundary
between the two zones moves from the surface towards the
interior. Once the boundary reaches the bottom, the whole
electrode is plastic with low effective diffusivity. The sec-
ond reason for the slower Li transport is different finite di-
mensional change. When the film is fully constrained by the
substrate, deformation occurs only in the z-direction (normal
to the film plane), and the deformation gradient is approxi-
mately

FFF ≈ FFFpFFFSF =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0

0 1 0

0 0 JSF

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (33)

0     100    200   300    400    500
Z/nm

0     100    200   300    400    500
Z/nm

0     100    200   300    400    500
Z/nm

0     100    200   300    400    500
Z/nm

0     100    200   300    400    500
Z/nm

0     100    200   300    400    500
Z/nm

0.3

0.2

0.1

0

ξ 
in

 L
i ξS

i

0.3

0.2

0.1

0

ξ 
in

 L
i ξS

i

a c
4

3

2

1

0

ξ 
in

 L
i ξS

i

4

3

2

1

0

ξ 
in

 L
i ξS

i

b
0

−0.5

−1.0

−1.5

−2.0

fed

Without J Li, mech Without J Li, mech Without J Li, mech

With J Li, mechWith J Li, mechWith J Li, mech

T0/40
T0/40 T0/40

T0/40
T0/40T0/40

T0/80

T0/80

T0/80

T0/80
T0/80

T0/80

T0/400
T0/400

T0/400

T0/400

T0/400

T0/400

0.1T0
0.1T0

0.1T0
0.1T0

0.586T0

0.586T0

0.590T0

0.590T0

σ x
x
=

σ x
x
/G

Pa
σ x

x
=

σ x
x
/G

Pa

0

−0.5

−1.0

−1.5

−2.0

Fig. 4 a, b, d, e Normalized Li concentration and c, f stress profiles in a film with a thickness of H = 500 nm and fully constrained
at the bottom (configuration in Fig. 1a). Here, lithiation-induced softening is not considered. a-c Normalized concentration and stress
profiles without mechanical driving force for diffusion. d-f Normalized concentration and stress profiles with mechanical driving force for
diffusion. For clarity, a and d show, with a finer vertical axis scale, the three early-stage profiles in b and e, respectively

On one hand, this deformation gradient is very different
from that for the configuration in Fig. 1b (cf. Eq. (28)). On
the other hand, the arguments on JLi

Z drawn by Eqs. (21)–
(26) are still valid. Indeed, Figs. 5a and 5b show simi-
lar JLi

Z profiles as those in Fig. 3, at least to a first order
of approximation. Although sharp kinks in JLi

Z are seen in
Fig. 5b for t = T0/80 and t = T0/40, the long-term pro-
files of JLi

Z are fairly close to the 1st order approximation of
JLi

Z ≈ −ZJLi
Surf/H. For reasons similar to those in Eqs. (28)–

(30), the long-term Li concentration profiles are now gov-
erned by

∂CLi

∂Z
= CSi ∂ξ

∂Z
≈

(
JSF

)2
ZJLi

Surf

DLi
0 H

. (34)

Here, because SED is lost when the film is under full scale
yielding (i.e. DLi,eff = DLi

0 ), Eq. (34) is valid for both the sit-
uations with and without JJJLi,mech. A comparison of Eqs. (34)
and (30) indicates that the long-term Δξ for Figs. 4b and 4e
should be ∼ (JSF)4/3 times larger than Δξ in Fig. 2b. Sim-
ply speaking, because the current-configuration film thick-
ness in the fully-constrained case is (JSF)2/3 times larger than
that in the partially-constrained case, Li must now traverse
a longer distance, giving another reason for why the diffu-
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sion is less efficient and ξ̄end is smaller in Figs. 4b and 4e
than in Fig. 2b. As discussed previously, the lower ξ̄end in
Figs. 4b and 4e compared to the ξ̄end in Fig. 2b indicates that

fully-constrained thin-film electrodes must be charged with a
lower operational rate than their partially-constrained coun-
terparts, if the same final state of charge ξ̄end is required.
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Fig. 5 Lagrangian lithium flux normalized by the surface influx when a mechanical driving force is not considered; b Mechanical driving
force is considered. Z denotes Lagrangian coordinate. The film is fully constrained at the bottom and lithiation-induced softening is not
considered

3.3 Stress-retarded diffusion due to plastic flow under
lithiation-induced softening (configuration a)

It is important to note that diffusion in the fully-constrained
film is slowed further when lithiation-induced softening is
accounted for. To illustrate this effect, we first note that when
JLi,mech

K is not considered (Figs. 6a and 6b), the concentration
profiles are essentially the same as those in Figs. 4a and 4b,
although the stresses (Fig. 6c) are significantly different from

those in Fig. 4c. When the film undergoes full-scale yield-
ing, the deformation gradients with and without lithiation-
induced softening are comparable (both can be approximated
by Eq. (33)). Therefore, in the absence of JLi,mech

K , the two
cases are governed by the same diffusion equations over
approximately the same deformed configurations, hence,
have roughly the same concentration profile. Indeed, ξ̄end

in Fig. 6b is approximately the same as that in Fig. 4b, and
JLi

Z in Fig. 7a is approximately the same as that in Fig. 5a.

0     100    200   300    400    500
Z/nm

0     100    200   300    400    500
Z/nm

0     100    200   300    400    500
Z/nm

0     100    200   300    400    500
Z/nm

0     100    200   300    400    500
Z/nm

0     100    200   300    400    500
Z/nm

0.4

0.3

0.2

0.1

0

ξ 
in

 L
i ξS

i

Without J Li, mech Without J Li, mech Without J Li, mecha

0.4

0.3

0.2

0.1

0

ξ 
in

 L
i ξS

i

d

4

3

2

1

0

ξ 
in

 L
i ξS

i

4

3

2

1

0

ξ 
in

 L
i ξS

i

b

e

c

fWith J Li, mech With J Li, mech With J Li, mech

T0/40

T0/40

T0/40

T0/40

T0/40

T0/40

T0/80

T0/80 T0/80

T0/80

T0/80

T0/80

T0/400

T0/400

T0/400

T0/400

T0/400
T0/400

0.582T0 0.582T0

0.478T0

0.478T0

0.1T0

0.1T0

0.1T0

0.1T0

σ x
x
=

σ x
x
/G

Pa
σ x

x
=

σ x
x
/G

Pa

0

−0.5

−1.0

−1.5

−2.0

0

−0.5

−1.0

−1.5

−2.0
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Fig. 7 Lagrangian lithium flux normalized by the surface influx
when a mechanical driving force is not considered; b Mechanical
driving force is considered. Z denotes Lagrangian coordinate. The
film is fully constrained at the bottom and lithiation-induced soft-
ening is considered

However, when JLi,mech
K is considered, ξ̄Li

end in Fig. 6e is
∼ 19% smaller than that in Fig. 4e and all the concentra-
tion profiles in Fig. 6e are significantly steeper than those in
Fig. 4e. The reason lies in the fact that when composition-
induced softening is considered, σxx, σyy, and hence σm are
all smaller at the surface than at the center. Since JLi,mech

K
always points towards the same direction as the gradient of
σm, it contributes a driving force which tends to “squeeze”
lithium upward toward the surface. Because such a driving
force does not exist in the absence of lithiation-induced soft-
ening, diffusion is more efficient in Fig. 4 than in Fig. 6.
Again, the 1st order approximation of Lagrangian flux pro-
file is JLi

Z ≈ −ZJLi
Surf/H (cf. Eqs. (21)–(26) and Fig. 7), i.e.

the long-term profiles of JLi
Z in Fig. 7 are not significantly

different from those in Fig. 5, at least to a first order approx-
imation. The less efficient diffusive transport therefore leads
to steeper ξ profiles and hence lower ξ̄end in Fig. 6 than in
Fig. 4.

The retardation of diffusion due two-way coupling is in
striking contrast to that seen in the elastic regime (Figs. 2d
and 2e), in which stress effects always enhances diffusion.
Indeed, the validity of Eq. (20) is strictly based on the
premise that the deformation is elastic throughout the charg-
ing history. Our results indicate that whether the mechan-
ical driving force assists or retards Li diffusion does not
have a universal answer, and Li-transport is very sensitive

to the externally applied mechanical constraints. This strong
dependence of Li diffusion on mechanical constraints may
help explain why Li diffusivities reported for different elec-
trode configurations differ by several orders of magnitude,
from 10−14 to 10−8 cm2s−1 [13, 29–32], because it is the ef-
fective diffusivity DLi,eff instead of the tracer diffusivity DLi

0
that can be experimentally measured. Specifically, Ruffo
et al. [31] measured DLi,eff for free-standing Si NWs to be
2 × 10−10 cm2/s while Soni et al. [12] found that the upper
bound for Li diffusivity in fully-constrained Si thin film is
10−11 cm2/s. Using the ideal-solution assumption (Eqs. (16)
and (20)), we estimate that the effective diffusivity DLi,eff

during elastic deformation is ∼20 times higher than DLi
0 for

an intermediate state of charging of ξ̄ = ξmax/2. Such a DLi,eff

is appropriate for free-standing Si NWs which is not subject
to strong mechanical constraints. For Si thin films, in con-
trast, stresses retard instead of enhance diffusion, leading to
an effective diffusivity DLi,eff that is on the order of or even
lower than DLi

0 . The model in this paper is therefore consis-
tent with the experimental findings by Ruffo et al. [31] and
Soni et al. [11], in the sense that the DLi,eff may vary by one
order of magnitude under different mechanical constraints.
Admittedly, the ideal-solution assumption (Eq. (16)) in this
paper entails a rather rough estimation of μLi

SF

(
CLi

)
. An accu-

rate evaluation of DLi,eff/DLi
0 requires more realistic data on

μLi
SF

(
CLi

)
(which can be obtained once more accurate quasi-

static OCP data is available). Such an evaluation is not the
focus of this paper. Nevertheless, the main result, i.e., the
strong dependence of diffusion on mechanical constraints, is
not obscured by this uncertainty associated with μLi

SF

(
CLi

)
.

At least, the analysis here indicates that the mechanical con-
straint is a very important factor to consider when interpret-
ing experimentally measured diffusivities. While many other
factors (such as deposition conditions for the amorphous Si)
may affect the measured Li diffusivity, the analysis here indi-
cates even the mechanical constraint alone can lead to vari-
ance in DLi,eff by one order of magnitude.

4 Conclusions

The finding that lithium diffusion is very sensitive to external
constraint can have profound practical implications. The de-
sign of battery electrodes involves tradeoffs among capacity,
cyclability and operational charging rate. The main advan-
tage of alloy-based electrodes, especially Li/Si, is their much
higher capacity compared with carbon-based electrodes. In
terms of cyclability, it has been suggested that plastic flow
can be beneficial for Li/Si electrodes because it relaxes
stresses and thus reduces the chance of electrode failure. Our
results here, however, indicate that there is another mecha-
nism at work. On one hand, plasticity may help avoid elec-
trode fracture – a mechanism that can be utilized by adopting
measures that promote inelastic flow through the tailoring of
material properties and changing charging/discharging reg-
imen. On the other hand, plasticity may inhibit Li trans-
port, especially under tight mechanical constraint. Under
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any scenario, designs with less mechanical constraint on
the electrodes are desirable because mechanical constraints
diminishes stress-enhanced diffusion (SED) and magnifies
the deleterious effect of plasticity and concentration-induced
softening on Li transport. Because of these reasons, even in
terms of operational charging rate alone, Li/Si nano-particles
(e.g. nanospheres, nanoflakes, nanowires and nanotubes) are
superior to Li/Si thin films or bulk materials. The results in
this paper provide further support for nano-particles as build-
ing blocks for next-generation alloy-based electrodes.
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