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Prediction of Probabilistic Detonation Threshold via
Millimeter-Scale Microstructure-Explicit and Void-Explicit
Simulations
Christopher Miller,[a] David Kittell,[b] Cole Yarrington,[b] and Min Zhou*[a]

Abstract: We present an approach and relevant models for
predicting the probabilistic shock-to-detonation transition
(SDT) behavior and Pop plot (PP) of heterogeneous en-
ergetic materials (HEM) via mesoscopic microstructure-ex-
plicit (ME) and void explicit (VE) simulations at the milli-
meter (mm) sample size scale. Although the framework
here is general, the particular material considered in this
paper is pressed Octahydro-1,3,5,7-tetranitro-1,2,3,5-tetra-
zocine (HMX). To systematically delineate the effects of ma-
terial heterogeneities, four material cases are considered.
These cases are homogeneous material, material with gran-
ular microstructure but no voids, homogeneous material
with voids, and material with both granular microstructure
and voids. Statistically equivalent microstructure sample
sets (SEMSS) are generated and used. Eulerian hydrocode
simulations explicitly resolve the material heterogeneities,

voids, and the coupled mechanical-thermal-chemical proc-
esses. In particular, it is found that both microstructure and
voids strongly influence the SDT behavior and PP. The ef-
fects of different combinations of microstructure hetero-
geneity and voids on the SDT process and PP are quantified
and rank-ordered. The overall framework uses the Mie–Grü-
neisen equation of state and a history variable reactive
burn model (HVRB). A novel probabilistic representation for
quantifying the PP is developed, allowing the calculation of
(1) the probability of observing SDT at a given combination
of shock pressure and run distance, (2) the run-distance to
detonation under a given combination of shock pressure
and prescribed probability, and (3) the shock pressure re-
quired for achieving SDT at a given run distance with a pre-
scribed probability. The results are in agreement with gen-
eral trends in experimental data in the literature.
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1 Introduction

One of the longstanding challenges within the field of en-
ergetic materials is making accurate predictions of macro-
scopic ignition safety as well as performance, using funda-
mental material attributes at lower size scales. For a high-
speed impact scenario (~km/s), it is desirable to know what
the likelihood is for ignition to occur – this assessment re-
lates to safety and reliability. On the other hand, it is also
important to quantify the minimum time and distance from
the onset of impact to the development of steady state det-
onation – the shock-to-detonation transition (SDT). Given
the broad range and variability of different impact scenar-
ios, these assessments must be carried out under well-char-
acterized conditions to allow applications to the varying
scenarios via macroscopic state variables such as pressure,
energy, loading rates, and distance. It is also understood
that a heterogeneous energetic material (HEM) will exhibit
greater sensitivity to shock than a corresponding homoge-
neous material, as material heterogeneities and defects en-
hance localized deformation, heating, failure, and chemical
reactivity.

Specifically, the heterogeneous SDT process [1,2] is fun-
damentally different from what occurs during the shock ini-

tiation of a homogeneous explosive, such as liquid nitro-
methane [3] or hydrogen peroxide [4]. When homogeneous
explosives are shocked, they are heated to a single bulk
temperature immediately following the leading shock wave.
When this bulk temperature is sufficiently high (i. e., for a
thermal runaway to occur), a super-detonation wave forms
in the material that was held at elevated temperatures the
longest [5], usually near the interface between a homoge-
neous explosive and a projectile/impactor. The super-deto-
nation wave must overtake the leading shock before a
steady detonation is reached. Consequently, this initiation
mechanism underlies the reason as to why homogeneous
explosives appear as relatively shock insensitive compared
to heterogeneous ones; a critical ignition temperature must
be reached during the initial shock or impact that is based
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on the chemical activation energy (and it is typically higher
for solids than liquids). Over the times and distances asso-
ciated with the SDT process, homogeneous explosives are
mostly treated with continuum modeling approaches, using
the appropriate mixture theories and rate laws [6].

In contrast, when a heterogeneous explosive is shocked,
the SDT process is dominated by the details of the hetero-
geneous microstructure that lead to heterogeneous re-
actions. A homogenized continuum model treatment would
be unable to capture detailed material information at scales
below the resolution of the computational elements or
cells. In such a case, the average (shocked) bulk temper-
ature would be too low for a super-detonation wave to oc-
cur (e.g., see [7]); however, it is known that material hetero-
geneities can cause energy to be localized into regions
known as hot spots [8] – it is at these sites where the chem-
ical reaction begins. A successful, heterogeneous SDT re-
sults in the more gradual build-up of reaction behind the
leading shock wave, which then strengthens the leading
shock until it transitions to a detonation wave without any
overshoot.

Thus, a pressed, porous explosive is more sensitive to
shock and it will detonate in less time and distance than a
pure explosive crystal or homogeneous liquid explosive un-
der similar loading conditions. The increased sensitivity of
HEMs is a direct result of the shock wave interactions with
the heterogeneous microstructural features such as small
cracks, voids, and discontinuities in the forms of boundaries
and interfaces between constituents (binders, grains, metal
particles, and oxidizer granules). These microstructural fea-
tures can be unique for certain HEMs, and result from avail-
able manufacturing and processing methods that must be
employed. Typically, microstructural features range in size
from tens of nm to hundreds of μm, and sometimes even
as large as mm. For SDT, these features play a critical role in
determining the explosive’s shock sensitivity. For example,
Welle et al. showed an empirical link between the micro-
structure and shock initiation behavior of neat HMX [9] via
the class of the material (class III vs. V). The existence of this
kind of a link was previously hypothesized by Baer [10] who
used realistic three-dimensional HEM microstructures in a
hydrocode simulation. Hence, both experiments and com-
putations indicate that the overall SDT behavior is influ-
enced by the processes occurring at the meso or grain
scale.

Despite such general knowledge that HEM micro-
structures localize shock wave energy to form hot spots,
there is little consensus as to the relative importance of the
different hot spot mechanisms, or as to which mechanisms
are active in different loading and material regimes. The hy-
drodynamic hot spot model, as introduced by Mader [11],
was one of the very first to consider pore collapse and jet
impingement following a shock wave; this raises the local
temperature higher than the bulk (i. e., Hugoniot) temper-
ature. However, more recent pore collapse models by Aus-
tin et al. [12] show that the inclusion of a viscoplastic crystal

model will lead to shear banding and chemical reaction
around the site of the pore. Regardless of the fidelity and
type of the different models used, all direct numerical simu-
lations (DNS) of shock-induced hot spots still require an ex-
plicit representation of the material microstructure. With
current progress in the field, it is now possible to calculate
the interactions of shocks with a much larger volume of the
microstructure, which has led to a flurry of recent pub-
lications surrounding mesoscale modeling of explosives ini-
tiation (MMEI) [13–19]. Historically, these mesoscale simu-
lations were carried out at the micron-scale, with the aim of
predicting the effects that the microstructure has on the
shock response of the material. However, this scale is much
smaller than the scale of the full SDT process, which is ob-
served over a few mm and may take several microseconds
to complete. In addition, this scale is also well below the
scale of heterogeneities on the order of hundreds of mi-
crons or even mm as noted earlier of many common HEMs.

To summarize some of the recent MMEI efforts aimed at
shock initiation, Handley et al. [13] published a review ar-
ticle that encapsulates the mesoscale modeling approach;
the review also includes many of the advances made
through 2017. Yet, in attempting to translate all of the les-
sons learned from mesoscale modeling to the next higher
scale (i. e., continuum burn models), several gaps were iden-
tified that remain unsolved to this day. Note that con-
tinuum reactive burn models do not currently treat the
mechanisms of ignition or hot spot evolution directly. Else-
where, Rai and Udaykumar [14] have demonstrated the fea-
sibility of an image to computation approach for mesoscale
simulations of HMX, using detailed material models and
chemistry based on the Henson-Smilowitz multi-step kinetic
mechanism. Their mesoscale simulations show that hot
spots may or may not lead to initiation, based on whether
the HMX is class III or V. However, this ignition behavior is
sub-detonative, and it does not yet represent the full SDT
process. Other mesoscale studies have looked at these
same differences between class III vs. class V HMX in high-
speed impact scenarios. For example, Kim et al. [15,16] em-
ployed a framework based on the Lagrangian cohesive fi-
nite element method (CFEM) that has been shown to be
able to produce probabilistic ignition criteria in James
space, with the same trends found in the experiments. This
capability is especially useful for predicting go/no-go
thresholds, but it does not treat the full SDT transition, and
instead focuses on hot spot evolution and the criticality
condition for thermal runaway.

Other recent approaches to mesoscale modeling include
work by Jackson et al. [17], which utilizes a density-based
kinetics model, and a power deposition term in the energy
equation to phenomenologically represent discrete hot
spots. Comparison studies are also given to show the rela-
tive importance of the number density of hot spots, the mi-
crostructure of the crystalline pack, and other numerical pa-
rameters. In addition, Wood et al. [18] examined the role
that the constitutive model plays in a mesoscale calculation
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by using the atomistic code, LAMMPS, to train a strain rate-
dependent SGL viscoplastic strength model. Two mesoscale
simulations were then run with and without the SGL model
turned on (i. e., hydrodynamic only), where it was found
that an increase in the shocked temperature distribution
occurs at lower impact velocities (less than ~1 km/s) if the
SGL model is in use. Hence, strong shock initiation (i. e., sev-
eral GPa of pressure) is most likely a purely hydrodynamic
process. Finally, Yarrington et al. [19] have shown the full
SDT process for a pressed porous explosive with nanoscale
features in two dimensions. These large Eulerian calcu-
lations make use of a representative microstructure and a
tuned Arrhenius-type burn model to match experimental
results. Although the full computational domain was never
shown in the paper, the run-to-detonation simulations em-
ployed a two-dimensional, 10 μm by 200 μm rectangular
mesh with a total aspect ratio of 20 : 1 (which is among the
highest aspect ratios ever published). These simulations
also consisted of 80 million finite volume elements. Such
large computational domain sizes appear to be more acces-
sible in a pure Eulerian hydrocode, rather than one that is
Lagrangian or arbitrary Lagrangian-Eulerian (ALE). Yet, there
are still advantages and disadvantages to all three types of
numerical methods.

In the current work, the nature of HEM shock initiation
safety is explored for HMX using a new computational
framework; one that explicitly resolves microstructures,
voids, and chemical reaction at the millimeter scale. These
are mesoscale microstructure-explicit (ME), void-explicit
(VE), and chemical-reaction-explicit (CRE) simulations per-
formed with the Eulerian hydrocode CTH [20]. The objective
is to show the SDT transition for the first time as a proba-
bility distribution map overlaid on a Pop plot, with the
source of uncertainty being material heterogeneities. As de-
scribed by Dick et al. [21], the Pop plot originated from
shock initiation studies which varied the shock pressure in-
put to a HEM with an explosive lens/attenuator. The re-
sponse measure is the run distance to detonation recorded
via a streak camera. The shock pressure vs run distance plot
is usually in the log-log space and called the Pop plot (PP).
Here, the probabilistic Pop plot (PPP) represents a further
step beyond previous studies by Kim et al. that have pre-
dicted a probabilistic ignition threshold in the James space
[15,16]. Randomized microstructural generation is em-
ployed in addition to explicit modeling of the void dis-
tributions in order to quantify their rank-order effects on
the total run distance to detonation. The probabilistic anal-
ysis is made possible via the generation and use of statisti-
cally equivalent microstructure sample sets (SEMSS). The
multiple samples in a specific material set directly mimic
the multiple samples in experiments, allowing statistical
variations in material and material response to be studied
[15,16].

The ME and VE simulations shown in this work not only
resolve the material heterogeneities at the millimeter scale,
they also capture the probabilistic nature of the SDT proc-

ess. In these simulations, the constitutive relations are
based on a simplified form of the SGL model, following re-
cent success at calibrating this model in CTH [18]. Finally, a
simplified reaction model is used to represent each of the
individual HMX grains. This preliminary reaction model fol-
lows the work of Baer [10], which has been used in the ab-
sence of a more physically-relevant reaction model and
equation of state (EOS) that are not currently available in
CTH. The two-state history variable reactive burn model
(HVRB), used here, has led to good agreement with ex-
perimental run distance to detonation and other con-
tinuum-level measurements in the past [10], and features a
reaction rate that is based on local pressure. With these
model assumptions, the shock to detonation transition
events are set in motion by loading effected with an im-
posed piston velocity. This approach is often used to ana-
lyze the full SDT events on modern computing resources
[22,23].

Overall, the objectives of this work seek to develop a
novel probabilistic representation for quantifying the shock
sensitivity of HEMs. While the data sets used here to de-
termine the parameters in the probabilistic representation
come from computational simulations with the SEMSS, the
probabilistic formulation can also be parameterized using
independent experimental data sets. The results allow the
determination of the likelihood of observing SDT at a par-
ticular run distance under a given shock pressure. This fur-
ther advance is based on, but goes beyond the previous
work of Kim et al. on thermal runaway and probabilistic ig-
nition thresholds [15,16]. In order to achieve this desired
outcome, a new non-dimensionalized Pop plot character-
istic parameter (called the Pop plot number) is proposed.
The different effects of microstructure and voids on the
probabilistic Pop plots are given in rank-order to gain in-
sight into the meso (grain) scale mechanisms that underlie
the SDT process. While current results pertain only to HMX,
this approach could easily be repeated for other HEMs
which are either synthesized in a traditional manner or ad-
ditively manufactured. The remaining paper consists of two
parts. The first part describes the computational framework
used to study SDT at the mesoscale, including the design of
the HMX microstructures, constitutive relationships, and re-
action model. The second part discusses the simulation re-
sults, focusing on the rank-order of the effects of different
microstructural features as well as the development of the
probabilistic Pop plot. The paper concludes with major find-
ings as well as directions for future work.

2 Framework of Analysis

Two-dimensional microstructures are generated and used.
The impact loading is effected with a rigid piston traveling
at different velocities. The run distance to detonation is cal-
culated as the simulation progresses. The Sandia National
Labs Eulerian hydrocode, CTH, is used to simulate the full
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SDT process. The microstructure generation, constitutive re-
lations, and computational framework are outlined in this
section.

2.1 Material, Model and Microstructure

The material of interest is approximately based on class III
pressed granular HMX [9]. Four types of models are consid-
ered: homogenous (H), microstructured without voids (M),
homogenous with voids (V), and microstructured with voids
(M+V), as shown in Figure 1. The homogeneous (H) and
microstructured (M) samples are fully-dense (100% TMD).
The voids in the V and M+V samples are circular in shape
and have diameters of 50 μm. This void size is chosen to
allow explicit resolution of each void in the 3×15 mm sam-
ples without rendering the already very intensive computa-
tions prohibitively expensive using 10,000–20,000 processor
hours on supercomputers. Further discussions on mesh size
and computational cost are in section 2.4. Section 3.1 stud-
ies the effect of void volume fractions ranging from 0% to
20%, while section 3.2 compares the effects of granular mi-
crostructure without voids relative to samples with 5% vol-
ume fraction of voids.

A set of five random but statistically similar granular
HMX microstructures is generated using Voronoi tessella-
tion. These samples conform to the statistical grain size dis-
tribution in Figure 2. This grain size distribution is mono-

modal, with a mean grain diameter of 229 μm. This method
of microstructure generation results in realistic, randomized,
and statistically equivalent microstructure sample sets
(SEMSS). For samples with voids, individual voids are in-
serted randomly into either the homogenous or micro-
structure samples until the overall desired void volume frac-
tion (0%, 5%, 10%, or 20%) has been reached. No two
voids overlap, ensuring a constant void size and random
void distribution.

Figure 1. Four HMX material cases considered in this study: homogeneous (H), microstructured (M), homogeneous with voids (V), and micro-
structured with voids (M+V). Multiple, randomized grain morphologies and void placements were generated to create the four statistically
equivalent microstructure samples sets (SEMSS) for analysis.

Figure 2. Monomodal HMX grain size distribution used in the gran-
ular microstructures with and without voids.
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Actual samples in experiments have more heteroge-
neous characteristics than those in the four sets of samples
presented here. For example, nano- and micro-scale voids,
microcracks, and directionality of the material properties
due to the anisotropic nature of the HMX crystal all play
roles in the response of the materials to shock loading.
These factors are too small and computationally expensive
to be explicitly resolved in the current model setting. To ac-
count for the effects of these factors via grain-level hetero-
geneities, the density of the HMX for each grain is set to
one of three possible values: 70% TMD (1.33 g/cm3), 100%
TMD (1.90 g/cm3), and 130% TMD (2.47 g/cm3). These den-
sity variations emulate the effects of local variations in the
material and represent one source of variations in fields be-
hind the shock front normally attributed to localized mate-
rial heterogeneities. Such variations lead to the heteroge-
neous behavior as seen in actual samples, thereby enabling
a probabilistic analysis described later in this paper, while
keeping the overall HMX density consistent at 100% TMD.
A variation of 30% about the 100% TMD was calibrated
based on the work of Hardin et al. [24] who found the co-
efficient of variation in the longitudinal stress field in the
quasi-steady region behind the stress wave front in poly-
crystalline HMX varies from 0.08 to 0.16 at piston velocities
around 400 m/s. In this study, the grains are assumed to be
perfectly bonded to one another. If two grains with the
same density are positioned next to one another, they be-
have as a single grain of the same density. For the H and V
samples, the standard HMX 100% TMD (1.90 g/cm3) is used.

The present framework represents a simplified approach
toward explicitly resolving various microstructures com-
monly seen in HEM. While the method of varying the den-
sity of the HMX grains may replicate the trends seen in ex-
periments, it is difficult to fully quantify the effect of
heterogeneity into a single parameter. Actual experimental
samples have clear defects not accounted for here, which
are known to contribute to hotspot initiation and sub-
sequent detonation [16,25–27]. Other HEMs have binder
and additive components, such as aluminum, which can af-
fect the sensitivity of the material to ignition [28]. It is en-
tirely possible that microstructure heterogeneity plays an
even larger role than what is presented in the results of this
study. However, the current framework should be regarded
as a step toward fully accounting for the most essential ma-
terial heterogeneities up to the overall mm macroscopic
size scale.

2.2 Constitutive Relations

The elastic-viscoplastic model, equation of state (EOS), and
chemistry model are most relevant to the community and
the analyses here. Consequently, they are discussed in this
section. The specimen is initially stress-free and at rest. This
is a 2D model and the conditions of plane-strain prevail. A
single piston velocity (UP) is applied on one end of the sam-

ple to effect shock loading. The side (lateral) boundaries are
constrained in a frictionless manner to maintain the overall
conditions of sample-level uniaxial strain typical of planar
impact experiments.

A simplified Steinberg-Guinan-Lund strain-dependent
flow stress model (SGL) is used to account for the visco-
plastic behavior of HMX. This strain-rate dependent model
is well-suited for high strain-rate deformation and accounts
for the effects of thermal softening. The material yield stress
is calculated via

sY _eP; Tð Þ ¼ sA þ sT _eP; Tð Þ½ �; (1)

with

_eP ¼
1
C1

exp
2UK
T

1 �
sT

sP

� �2� �

þ
C2

sT

� �� 1

: (2)

In the above relations, sA is the athermal component of
the flow stress, sT is the thermally activated component of
the flow stress, and C1, C2, UK, and sP are material parame-
ters. The model has been calibrated to match the elasto-vis-
coplastic model used for HMX by Kim et al. [15] which in
turn was based on available experimental data. The values
of the material parameters in the model are listed below in
Table 1.

The bulk response to hydrostatic pressure is modeled
using the first order Mie–Grüneisen EOS

p ¼
10C

2
0 1 � 10

1

� �
1 � G0

2 1 � 10

1

� �h i

1 � s 1 � 10

1

� �h i2 þ 10G0E; (3)

where p is the pressure, 10 is the initial density of HMX, 1 is
the current density of HMX, G0 is the Grüneisen parameter,
C0 is the bulk sound speed, and s is the slope of the Hugo-
niot. E is the internal energy which is found by integrating
the specific heat with respect to temperature at constant
volume, i. e.,

E ¼
Z T

0
cvdT: (4)

The HMX material parameters for the Mie–Grüneisen
EOS model are listed in Table 2.

The process of chemical reaction initiation and pro-
gression follows the HVRB in the form of

Table 1. HMX material parameters for SGL flow stress model.

C1 C2 UK σP σA

3.79×1011 s� 1 1.45 Pa · s 3000 K 650 MPa 260 MPa
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l ¼ 1 � 1 �
�M

X

� �X

; (5)

where

� ¼ t� 10

Z t

0

p � pið Þ

pR

� �Z
dt: (6)

In the above relations, l is the extent of reaction, t0 is a
scaling constant, p is the current pressure, pi is the thresh-
old pressure for reaction, andpR, X, M, and Zare reaction
rate parameters. Reactive burn models have been widely
used to simulate the ignition and detonation of HEMs
[10,29,30]. These empirical models are often calibrated to
Pop plot data. As a result, the localized extent of reaction
behind the shock front may not be perfectly resolved
(which is a known limitation for the HVRB model). However,
with available data and models, this is a reasonable trade-
off in order to reach the macroscale from the mesoscale,
since the focus here is on analyzing macroscale material be-
havior. The HVRB model provides a straightforward method
of accounting for chemical reaction at larger size scales
which would otherwise prove more computationally in-
tensive if an Arrhenius-based chemical reaction rate model
is used. Still, it is worthwhile to note that if and when a
more useful chemistry model is made available, it can be
easily used in the current framework – there is no funda-
mental impediment to the use of other, especially more
mechanisms-based, reaction models. The calibration param-
eters shown in Table 3 have been fit to the average state
data of pure HMX and are found in the CTH material prop-
erties library [31,32].

2.3 Shock Pressure and Run Distance Calculation

Run distance to detonation is a common metric used to
measure SDT sensitivity of an energetic material. In this
analysis, the run distance to detonation is defined as the
longitudinal distance the shock wave travels into the ex-

plosive before the detonation wave front is established. Ini-
tially, the stress field following the shockwave is relatively
uniform (in the homogeneous samples), due to the mono-
tonic loading applied. When voids or microstructure are in-
troduced, the stress field deviates from this idealized sce-
nario as the shock front encounters material heterogeneity.
The reaction builds up behind the shock front, and at later
times strengthens it before eventually overtaking the shock
front and propagating through the uncompressed material
as a detonation wave.

The relationship between run distance to detonation
and pressure of imposed shock loading, or the Pop plot,
can be used to compare the relative shock sensitivity of dif-
ferent materials. In the analysis here, the relations are used
to quantify the differences in shock initiation response due
to microstructure and voids of the four HMX cases. The
shock pressure is calculated based on the spatially averaged
pressure profile of each sample. The initial plateau of the
stress wave is measured and averaged over both sample
distance and time in order to determine the most accurate
monotonic shock pressure for a given impact velocity. In or-
der to calculate the run distance, the location of the shock
front in the sample is recorded as a function of time. Since
the detonation wave propagates faster than the inert shock
wave, the run distance is easily measured by examining the
change in velocity of the shock front itself. An example
pressure profile and shock front location of a granular mi-
crostructure without voids under loading by a piston veloc-
ity of UP ¼ 800m=s is shown in Figure 3.

The fields of pressure, temperature, and the extent of
reaction (λ) are analyzed to delineate the effects of voids
and granular heterogeneity. Figure 4 shows the pressure
fields at different stages of the SDT process for a micro-
structured HMX sample with voids impacted by an alumi-
num flyer at 400 m/s. The fields cover hotspot initiation to
full detonation completion.

2.4 Mesh and Size Convergence

To ensure accurate results, a mesh convergence study is
carried out to determine the proper mesh size necessary to
explicitly resolve both the grains and voids and ensure con-
vergence of solution of interest. To this end, shock pressure
and run distance are calculated for samples including both
microstructure and voids at mesh sizes ranging from 30 μm
to 500 nm. The M+V sample set was chosen for this pur-
pose because it accounts for both kinds of heterogeneities.
Naturally, the mesh sufficient for modeling the most com-
plicated HMX microstructures should be sufficient for the
less complicated microstructures as well. As shown in Fig-
ure 5, the shock pressure is found to converge at any reso-
lution finer than 20 μm, while the run distance converges
for any mesh size finer than 5 μm. For this reason, a final
mesh size of 5 μm is chosen for all subsequent tests. It is
important to note that this study is focused on the macro-

Table 2. HMX material parameters for the Mie-Grüneisen EOS
model.

10 C0 s Γ0

1.33 g/cm3 or
1.90 g/cm3 or
2.47 g/cm3

2900 m/s 2.0 1.0

Table 3. HMX material parameters for the HVRB chemistry model
[32].

τ0 pi pR X M Z

1×10� 6 s 500 MPa 6 GPa 1 1.5 2.36
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Figure 3. (a) Pressure profiles behind the shock front at multiple times for a microstructure sample impacted at UP ¼ 800 m/s. (b) Distance
traversed by the shock front as a function of time for the same microstructure sample impacted at UP ¼ 800 m/s.

Figure 4. Pressure fields for an HMX sample containing both microstructure and voids impacted by an aluminum flyer at UP ¼ 400m=s.

Figure 5. (a) Shock pressure and (b) run distance to detonation for a sample with granular microstructure and voids at mesh resolutions
ranging from 30 μm elements to 500 nm elements.
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scale detonation properties of the material. A finer mesh
resolution would likely be required to accurately resolve lo-
cal temperatures which may be required for an Arrhenius-
based chemical reaction rate model, as is commonly used
for small scale simulations in the literature. The HVRB chem-
ical reaction model used here (as outlined in section 2.2) is
a pressure-dependent model that does not require direct
use of temperature. For this reason, the convergence study
here also provides a validation of the average shock pres-
sure.

In addition to a mesh resolution study, it is important to
determine whether the sample size chosen serves as an ac-
ceptable representative volume element (RVE) for the mi-
crostructure as a whole. While the smallest microstructure
feature (voids) dictates the necessary mesh resolution, the
largest microstructure feature (grains) dictates the neces-
sary RVE size of the sample. To this end, five 1 mm×5 mm
samples, with the same randomized grain distributions as in
the 3 mm×15 mm samples (see Figure 2), are subject to the
same impact loading and the detonation process is ana-
lyzed in the same as manner as that in the 3 mm×15 mm
samples. The resulting shock pressure prior to detonation
and the run distance to detonation are calculated. The re-
sults are shown in Figure 6. The overlap and near full co-
incidence of the data points from the two sets of samples
indicate that the 1 mm×5 mm sample size yields practically
the same results as the 3 mm×15 mm sample size, and
therefore the 1×5 mm samples are large enough to be
RVEs. For the remainder of this analysis, calculations are
conducted using 1 mm×5 mm samples to minimize com-
putational cost.

3 Results and Discussion

A systematic quantification of the effect of granular micro-
structure and void volume fraction on the shock sensitivity
of pressed HMX is carried out. Section 3.1 compares the ef-
fects of homogenous samples with four volume fractions of
50 μm circular voids (0%, 5%, 10%, and 20%) on the Pop
plot. Section 3.2 discusses the differences in samples with
and without voids and granular microstructure; a com-
parative rank-ordering of the Pop plot results is also given.
A probabilistic model for the SDT transition is developed in
section 3.3, using the results presented in section 3.2. This
formulation allows the likelihood of achieving run to deto-
nation at a given distance to be mapped over the entire
range of loading pressure studied. Finally, in section 3.4 we
compare the prediction obtained in section 3.2 with avail-
able experimental data.

3.1 Effects of Void Volume Fraction

It is well known that microstructural heterogeneities con-
tribute to increased sensitivities of energetic materials to ig-
nition. The presence of voids in the material results in ex-
treme shear stress and local plastic deformation at the
defect locations under shock loading conditions. The hot-
spot formations due to pore collapse are considered to play
a dominate role in the sensitivity, and subsequent deto-
nation of HEMs. Accurately characterizing the effects of
voids is essential in mesoscale simulations [33]. In this sec-
tion, we examine the effect of increasing the volume frac-
tion of voids on the run distance to detonation of HMX
samples without microstructure or other forms of hetero-
geneity.

Homogeneous HMX samples with four levels of void
volume fractions are analyzed: 0% (homogeneous), 5%,
10%, and 20%. These values are chosen to track void vol-
ume fractions commonly observed in experiments of press-
ed HMX [34]. All voids are initially circular with the same
diameter of 50 μm. The voids are placed randomly so that
no two voids initially overlap or directly contact the edges
of the sample. For each of the four void volume fractions,
five statistically equivalent random samples are generated,
resulting in five 5% void samples, five 10% void samples,
and five 20% void samples. Each sample is subjected to
loading at each of the following piston velocities: UP =600,
700, 800, 900, and 1,000 m/s. The use of multiple statisti-
cally equivalent samples over a range of piston velocities al-
lows for measurement of both shock pressure and run dis-
tance in a manner that captures the stochastic variations in
the material behavior. The results of this analysis are shown
in Figure 7. Clearly, the run distance decreases as the void
volume fraction increases. The average decrease in run dis-
tance with void volume fraction is normalized with respect
to the 0% void case and is listed in Table 4.

Figure 6. Run distance to detonation as a function of shock pres-
sure for five 1×5 mm samples (circles) and five 3×15 mm samples
(triangles) with randomized grain distributions and no voids. Piston
velocities ranging from 600 m/s–1000 m/s are used to generate the
range of shock pressures seen here.
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For a given shock pressure, increasing the volume frac-
tion of voids in turn causes the run distance to detonation
to decrease (and therefore lowers the PP line). Table 4
shows that the rate of decrease in the run distance de-
creases at higher void volume fractions. Specifically, a 5%
volume fraction of voids causes the run distance to de-
crease on average by 20.6% relative to the homogeneous
material case over the entire range of shock pressure. In-
creasing the void volume fraction from 5% to 20%, on the
other hand, causes the run distance decrease relative to the
0% case to change from 20.6% to 37.2%, a smaller 16.6%
change. While increasing the volume fraction of voids low-
ers the Pop plot line, a trend that is associated with in-
creased sensitivity of an HEM to shock, trade-offs must also
be considered. Specifically, voids cause the overall effective
density of the material to decrease, which leads to lower
shock pressure under the same impact velocity. This means
a higher, more severe loading might be required to gen-
erate the same performance or effect. In addition, voids
also decrease the overall energy content in a HEM, causing
the overall energy output per unit macroscopic volume of
the material to be lower. These factors must be weighed.

3.2 Effects of Granular Heterogeneities

We now consider the effects of the granular microstructure,
as well as the interactions between the effects of the micro-
structure and voids, on the Pop plot. For this purpose, the
four material cases in Figure 2 are considered: homoge-
neous, granular microstructure only, voids only, and both
microstructure and voids. The overall results are shown in
Figure 8. As different forms of heterogeneities and material
defects, microstructure and voids each causes the Pop plot
lines to shift to the lower left in pressure-run distance
space. In other words, the run distance decreases at a given
shock pressure as more heterogeneities are included. The
average decrease in run distance for each material case (H,
M, V, M+V) has been normalized with respect to the ho-
mogeneous case (H), as listed in Table 5.

For the range of pressure considered, homogeneous
samples have the highest Pop plot line or the longest run
distance at a given pressure. Voids and granular micro-
structure each cause the Pop plot line to move toward the
lower left in the shock pressure-run distance space. Rela-

Figure 7. Pop plots of samples with 0% void (circles), 5% voids (tri-
angles), 10% voids (squares), and 20% voids (diamonds) by vol-
ume. All voids are initially 50 μm in diameter. Other than the voids,
the samples contain no other heterogeneities.

Table 4. Effect of void volume fraction on normalized run distance.

Void Volume
Fraction

Average Decrease
in Run Distance

0% 0%
5% 20.6%
10% 28.8%
20% 37.2%

Figure 8. - Pop plot lines for the homogeneous samples (circles),
granular microstructured samples (triangles), samples with 5%
voids by volume only (squares), and samples with 5% voids and
granular microstructure (diamonds).

Table 5. Effect of material heterogeneities on normalized run dis-
tance.

Sample Type Average Decrease
in Run Distance

Homogeneous (H) 0%
Microstructure (M) 12.3%
5% Voids (V) 20.6%
5% Voids and
Microstructure (V+M)

27.5%
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tively speaking, the effects of 5% voids are stronger than
the effects of granular heterogeneities embodied by �30%
grain-grain variations in the density of the material. The
Pop plot line for samples with both microstructure and
voids have the lowest Pop plot line, or the fastest SDT in
terms of run distance and time among the cases analyzed.
The results in Tables 4 and 5 allow a rank-order of the ef-
fects of microstructure and voids to be established. A
graphical illustration of this ordering is given in Figure 9.
From the lowest to highest SDT sensitivity: homogenous
HMX, HMX with only microstructure, HMX with 5% voids,
HMX with 5% voids and microstructure, HMX with 10%
voids, and HMX with 20% voids. Due to the significant
amount of scatter in the M, V, and M+V data sets seen in
Figure 8, the rank ordering presented here represents only
an average decrease in run distance. Clearly a more proba-
bilistic approach will be required to fully quantify the ef-
fects of heterogeneities. This new probabilistic analysis is
discussed in Section 3.3.

For the 0% and 5% void cases, adding granular micro-
structure decreases the run distance by 12.3% and 6.9%,
respectively. Clearly, microstructure has a significant effect
on the SDT behavior and the Pop plot. It is important to
point out that a relatively idealized microstructure repre-
sentation is used here, as the only material heterogeneity is
in the density (which in turn affects the EOS). In reality, ma-
terial heterogeneities lie in constitutive behavior, crystal ori-
entation and associates strength anisotropy, reaction ki-
netics, and thermal behavior. As such, the overall effects of
microstructure are likely more pronounced than what is
stated here. The current analysis should be regarded only
as a first order estimate of the lower bound of the effects of

microstructure relative to the effects of voids. We also note
that only one relatively large void size (50 μm) is analyzed
here. Void size is expected to affect the results [14,35,36].
Further studies should be carried out, accounting for more
complete representations of material microstructure hetero-
geneities, as well as a range of void size, void volume frac-
tion, and void morphologies. Ultimately, the effects of inter-
faces, cracks, and internal friction (see Refs. [15,25]) should
also be considered.

3.3 Probabilistic Pop Plot Model

Up until now, the discussions regarding the rank-ordering
of the effects of different microstructural attributes on SDT
behavior have focused on the best curve fit associated with
each Pop plot data set. This takes the form of a single line
that represents the “average” behavior or trend. The analy-
sis does not account for the fact that the behavior of HEM
are stochastic due to several factors, the most important of
which is intrinsic material heterogeneities at lower scales.
The behavior of individual samples scatter around the over-
all trend line and the type and extent of heterogeneities de-
termine the statistical spread and the uncertainties in-
volved. There is a strong need to quantify not only the
overall “average” behavior, but also the statistical dis-
tribution of the material behavior. The quantification must
allow the uncertainties associated with SDT behavior as-
sessment to be determined. Here, we use the SEMSS and
the statistical SDT data sets obtained from the SEMSS to de-
velop a probabilistic formulation for the Pop plot itself. To
begin, each set of Pop plot data is fit to the standard power
law

          ¼ S(P (7)

where S is a material-dependent scaling parameter, m is an
exponential fitting parameter, x* is the run distance, and Ps
is the shock pressure. This standard method Pop plot line
represents the threshold of having 50% of the samples in a
data set achieve SDT by a given run distance at a given
pressure. In order to capture the probabilistic behavior of
the Pop plot data set and quantify the likelihood of observ-
ing SDT at other combinations of run distance and shock
pressure away from this line, a modified form of Eq. (7) is
proposed with the introduction of a new, non-dimensional
parameter D in the form of

D ¼
Ps � P0ð Þm x* � x*0

� �

S
: (8)

This parameter can be regarded as the Pop plot charac-
teristic number or the Pop plot number (PPN). It provides a
measure of deviation from the 50% trend line of Eq. (7) in
the run distance vs. shock pressure space, with D > 0: In
particular, D > 0: represents the threshold where 50% of

Figure 9. Normalized averaged decrease in run distance of samples
with and without granular microstructure (dashed and solid lines
respectively) as compared to homogeneous HMX as a function of
void volume fraction.
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the samples reach detonation (i.e., the traditional PP line);
and D < 1 and D < 1 correspond to conditions for attaining
SDT at greater than 50% and less than 50% probabilities,
respectively. P0 is the shock pressure below wich no SDT
occurs, and x*0 is the minimum run distance for observing
SDT. These quantities can be regarded as material parame-
ters which constitute bounds for Ps and x* , respectively. In-
cluding these parameters allows the model to account for
and separate conditions under which SDT may or may not
occur. In particular, shock pressures that are too low may
never lead to detonation (no go) as the applied energy dis-
perses too quickly to form critical hotspots. The minimum
run distance x*0 , on the other hand, recognizes the fact that
chemical reactions cannot occur instantaneously. Unlike the
S and m material parameters in Eq. (7), the values for P0 and
x*0 cannot be accurately predicted by fitting Eq. (8) to the
data set here, as the calculations carried out here do not
concern the physical conditions for these parameters. In-
stead, their values must be carefully determined based on
independent experimental observations or separate com-
putations with appropriate constitutive, EOS and chemistry
models at both high and low shock pressures. That task is
beyond the scope of this paper. According to the LASL ex-
plosive property database, the lowest recorded pressure
tested for SDT is 4.41 GPa [37]. Low density HMX (65%
TMD), which is known to be more sensitive than 100% TMD
HMX, has been observed to reach SDT at shock pressures as
low as 400 MPa [38]. Welle et al. calculated a minimum pos-
sible power flux required for ignition of class III pressed
HMX samples of 0.35 GW/cm2 [9]. Using the basic dynamic
pressure equations, this minimum flux value roughly corre-
sponds to a shock pressure of 2.26 GPa. Due to the lack of
experimental data required to provide an accurate value for
either P0 or x*0 , they are treated as insensitive fitting param-
eters in this paper. An accurate calibration of both parame-
ters is required for future work in either the high or low
pressure regime. If and when such data is obtained, they
can be used to demarcate the domain in the shock pressure
– run distance space in which the probabilistic analyses be-
low can be more accurately used. Within that domain, these
parameters have negligible bearing on the accuracy or val-
idity of the analyses here.

The PPN offers a mechanism to quantitatively determine
the probability of reaching SDT at any given point in the
entire run distance and shock pressure space (the Pop plot
space). Under the assumption that the distribution of data
points in each data set follows a log-normal distribution
about the line of Eq. (7), D can be used to obtain the cumu-
lative probability of observing SDT in the form of

pðDÞ ¼
1

sd

ffiffiffiffiffiffi
2p
p

ZD

0

1
x
exp

� ln x � mð Þ2

2s2
d

� �

dx; (9)

where μ is the mean of the natural logarithm of the PPN,
and sd is the standard deviation of the spread of all data

points in a given set around the 50% mean represented by
Eq. (7). A log-normal distribution is chosen as it ensures the
probability is symmetric about the PP line in log-log space.
Since the mean value of the PPN is unit by definition, Eq. (9)
may be simplified to

pðDÞ ¼
1

s
ffiffiffiffiffiffi
2p
p

ZD

0

1
x
exp

� ln xð Þ2

2s2
d

� �

dx: (10)

This may be rewritten as

pðDÞ ¼
1
2
þ

1
2
erf

lnD
ffiffiffi
2
p

sd

� �

; (11)

where p is the probability of reaching SDT and D de-
termines the location in the Pop plot space via Eq. (8). The
fit for the homogeneous with 5% voids (V) SDT data set is
shown in Figure 10. The material parameters for all data
sets are shown in Table 6.

The form of Eq. (11) mirrors the probabilistic ignition
threshold proposed by Kim et al. [15], which was initially
based on the J parameter (the James number) first pro-
posed by Gresshoff and Hrousis [39]. Here, the Pop plot

Figure 10. Cumulative SDT Probability as a function of the natural
logarithm of the Pop plot number, D, for homogeneous samples
with 5% voids (V). The data set is fit to Eq. (11).

Table 6. Probabilistic material parameters for all cases of HMX.

Sample Type/
Material Parameter

sd S m

Homogeneous (H) 0.024 73.5 1.80
Microstructure (M) 0.094 62.0 1.78
5% Voids (V) 0.072 58.2 1.84
5% Voids+

Microstructure (V+M)
0.179 56.6 1.93
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number D resembles the J parameter used by Kim et al.
Substituting Eq. (8) into Eq. (11) gives the probability func-
tion in terms of the run distance and shock pressure, i. e.,

pðPs; x*Þ ¼

1
2
þ

1
2
erf

1
ffiffiffi
2
p

sd

ln
Ps � P0ð Þm x* � x*0

� �

S

� �� �� �

:
(12)

In the above expression, erf �ð Þ is the error function. Us-
ing Eq. (12), we can generate a probability map for the en-
tire Pop plot space of shock pressures and run distance for
each material case. The resulting probability maps for the
four materials cases analyzed are shown in Figure 11. These
SDT probability distribution maps are the first of their kind
and provide a systematic and quantitative means for pre-
dicting the probability of observing SDT at any combination
of run distance and shock pressure. This analytical form can
be used to guide experiments and selection of material by
quantitatively relating common macroscopic measures. It is
useful to point out that sd, m, and S in Eq. (12) are material
parameters that are determined by the data set (obtained
computationally or experimentally) for each material case.
Ultimately, they can and should be expressly written as
functions of material attribute measures such as con-
stitutive properties, grain size, grain volume fraction, void

content/size, and interfacial properties. Such an endeavor is
not undertaken here, but the framework developed here
lends itself to such future development.

Recently, Wei et al. extended this probabilistic approach
from the James space for ignition thresholds to the Pop
plot space for detonation thresholds [40]. We further ex-
pand upon it by recognizing that the SDT probability itself
may serve as an input parameter for evaluating other quan-
tities of interest in different design or materials selection
scenarios. While Eq. (12) is useful in determining the like-
lihood of observing SDT for a given combination of shock
pressure and run distance, it may also be used to calculate
necessary conditions needed in order to reach a desired
probability of detonation at a particular run distance or
shock pressure. Specifically, the relation can be recast in the
following form for calculating the minimum run distance re-
quired for achieving SDT with a given level of probability
under a particular shock pressure

x*ðp; PsÞ ¼
S

Ps � P0ð Þm
exp

ffiffiffi
2
p

sd erf� 1 2p � 1ð Þð Þ
h i

þ x*0 : (13)

In the above relation, erf� 1 �ð Þ is the inverse error func-
tion, which approaches negative infinity at p ¼ 0 and pos-
itive infinity at p ¼ 1. There is no convenient closed form
expression and is generally calculated numerically. The rela-

Figure 11. SDT probability distribution maps for the four cases of HMX analyzed: homogeneous (top left), microstructure (top right), 5%
voids only (bottom left), and both voids and microstructure (bottom right).
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tionship described by Eq. (13) has been mapped out over
shock pressures ranging from 4–10 GPa and is shown in
Figure 12 for the four material cases analyzed.

Similarly, the shock pressure required to achieve SDT at
a specific run distance at a required probability is

Psðp; x*Þ ¼

S
x* � x*0ð Þ

exp
ffiffiffi
2
p

sd erf� 1 2p � 1ð Þð Þ
h i� �1

m

þP0:
(14)

This relationship has been mapped out over the run dis-
tance range of 1–5 mm for the four material cases, and the
result is shown in Figure 13. Both Eq. (13) and Eq. (14) result
from simple algebraic manipulations of Eq. (12).

3.4 Experimental Comparison

A look at the prediction presented here in the context of
available experimental data is in order and helpful. Fig-
ure 14 compares the results from section 3.1 with reported
experimental Pop plot results for HMX (86% TMD) from
Lawrence Livermore National Lab (LLNL) [38] and fully
packed HMX (100% TMD) from Los Alamos National Lab

(LANL) [37]. The results here are in general agreement with
the experimental data in terms of overall trend. Only the
50% lines are shown, as there is a lack of statistical quantifi-
cation in the experimental data sets. The decreasing of the
predicted Pop plot lines as heterogeneities increase is con-
sistent with the trend in the experimental data (density de-
creases). This is a first attempt at predicting the macro-
scopic PP using ME and VE mesoscale models. It is
important to bear in mind the challenges in comparing
such simulations to experiments. First, there are wide varia-
tions among the different experimental data sets. Possible
reasons include material sample differences and incon-
sistencies (different batches of materials prepared at differ-
ent times and locations can be significantly different), lack
of quantification of the grain size distribution, void content,
and statistical variations of these attributes, and ex-
perimental loading condition differences (different types of
flyers, shock pressure and run distance measurement errors,
etc.). Second, like any model, the model used here includes
simplifications and assumptions, including the use of the
specific HVRB chemistry model. With these factors in mind,
we see that the simulations show that the homogeneous
HMX case has a Pop plot line that is below that of the ex-
perimentally reported 100% TMD material. The exact cause
of this discrepancy should be analyzed in future work. We

Figure 12. Necessary run distance to achieve a desired SDT probability under a given shock pressure for the four cases of HMX analyzed: (a)
homogeneous, (b) microstructure, (c) 5% voids only, and (d) both voids and microstructure.
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surmise that this may be the result of limiting the computa-
tional analysis to a 2D plane strain model and the calibra-
tion of the HVRB used. We see this paper as only a first at-

tempt at modeling the behavior of HMX at the macroscale
with explicit account of both voids and microstructure.
More localized material factors and processes are not ex-
plicitly resolved, and may account for some of the discrep-
ancies seen between the simulations and experiments.
Note also that the samples with a 5% void volume fraction
(V and M+V) approximately correspond to the 95% TMD
HMX in the experiments, with the understanding that de-
tailed microstructure analyses were not reported in the ref-
erences cited.

4 Conclusion

We have presented a mm-scale model for analyzing the
SDT behavior of heterogeneous energetic materials. The
model samples are microstructure-explicit, void-explicit,
and large enough (mm length scale) to track the largest
material size scale and SDT behavior size scale for common
polymer-bonded explosives and granular explosives. The
SDT behaviors of homogeneous HMX, HMX with granular
microstructure, HMX with voids, and HMX with both gran-
ular microstructure and voids are analyzed and rank-or-
dered. The full transition from hotspot initiation to deto-

Figure 13. Necessary shock pressure to achieve a desired SDT probability at a given run distance for the four cases of HMX analyzed: (a)
homogeneous, (b) microstructure, (c) 5% voids only, and (d) both voids and microstructure.

Figure 14. Comparison of the predicted Pop plot lines (solid lines)
with available experimental data in the literature (dash lines). The
predicted lines shown are for homogeneous HMX (H) and HMX
with 5%, 10%, and 20% voids by volume (V).
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nation is simulated using an Eulerian computational frame-
work which resolves the material heterogeneity and the
coupled thermal-mechanical-chemical processes underlying
the response of energetic materials under shock loading.

Simulations carried out show that adding a 5% volume
fraction of voids to an otherwise homogeneous material de-
creases the average run distance by 20.6%. On the other
hand, increasing the void volume fraction from 5% to 20%
shortens the run distance by 37.2% relative to the homoge-
neous case. The heterogeneous microstructure also plays
an important role in affecting the SDT behavior, causing the
average run distance to decrease by 12.3% relative to the
homogenous material. When both microstructure and voids
are present, the average run distance decreases by another
6.9% over that of the material with 5% voids by volume.
The results show that both voids and microstructure sig-
nificantly affect the SDT process and the SDT thresholds.
Further, as sources of heterogeneities, the effects of micro-
structure and voids on the SDT behavior are additive and
interactive, implying that both must be considered and one
cannot be used to account for the effects of the other. It is
useful to bear in mind that the representation and reso-
lution of microstructure heterogeneities are relatively sim-
ple and not exhaustive. Actual effects of microstructure are
likely larger. The effects of void size are not explored in this
paper.

A probabilistic formulation for quantifying the Pop plot
is developed. This relation is general in nature and appli-
cable to any type of HEM. It provides a useful framework for
analyzing, selecting, and designing HEM. The relationship
(Eq. (12)) can be used to determine the probability of ob-
serving the SDT at a given shock pressure and run distance.
If a specific probability of SDT is desired, Eqs. (13) and (14)
may be used to determine the necessary shock pressure or
run distance, respectively. Ultimately, parameters in these
relations can and should be expressed as functions of mate-
rial constituent properties and microstructure attributes.

Finally, it is useful to point out that the goal of this pa-
per is to illustrate the relative importance of two dominate
microstructural aspects on the SDT process. This study is
one of the first to quantify the relative effects of grains and
voids using an Eulerian framework. While only the deto-
nation behavior of pressed HMX is studied here, the effects
of binder and additives in composite PBXs are still a main
focus of the energetics community. The SDT probability
study presented here can be expanded to other energetic
compositions in the future.
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